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Several key metrics in public health convey the probability that a pri-
mary event will lead to a more serious secondary event in the future. These
“severity rates” can change over the course of an epidemic in response to
shifting conditions, like new therapeutics, variants, or public health interven-
tions. In practice, time-varying parameters, such as the case-fatality rate, are
typically estimated from aggregate count data. Prior work has demonstrated
that commonly-used ratio-based estimators can be highly biased, motivating
the development of new methods. In this paper we develop an adaptive de-
convolution approach based on approximating a Poisson-binomial model for
secondary events, and we regularize the maximum likelihood solution in this
model with a trend filtering penalty to produce smooth but locally adaptive
estimates of severity rates over time. This enables us to compute severity rates
both retrospectively and in real time. Experiments based on COVID-19 death
and hospitalization data show that our deconvolution estimator is generally
more accurate than the standard ratio-based methods and displays reasonable
robustness to model misspecification.

1. Introduction. Many important public health metrics report the probability that a sec-
ondary, often more severe outcome, follows a given primary event. The most common of
these “severity rates” is the case-fatality rate, or CFR (Cao, Hiyoshi and Montgomery (2020),
Garske et al. (2009)). This is sometimes treated as a proxy for the infection-fatality rate, or
IFR, which is generally more challenging to compute (Luo et al. (2021), COVID-19 Fore-
casting Team (2022)). Other examples of interest are based on different types of primary
events, for example, hospitalizations (Bellan et al. (2020)) and wastewater shedding (Xiao
et al. (2022)).

It is common to treat severity rates as stationary over time (Ghani et al. (2005), Jewell
et al. (2007), Reich et al. (2012), Baud et al. (2020)). This assumes that the population-level
probability of developing a secondary event, given a primary event, is constant throughout
the entire epidemic. In reality, however, severity rates often vary in time—due to evolving
factors like the introduction of vaccines (di Lego, Sánchez-Romero and Prskawetz (2022)),
improved treatments (Hammond et al. (2022)), and the emergence of new variants (Li et al.
(2023a)). For example, Xia et al. (2024) estimate the original COVID-19 variant to have a
3.6% CFR globally, compared to 2.0% for the Delta variant, and 0.7% for Omicron.

In an ideal setting, severity rates could be calculated directly using detailed line-list or
claims data that track outcomes of individual patients (Bellan et al. (2020), Challen et al.
(2021), Roth et al. (2021), Xie, Choi and Al-Aly (2024)). However, during fast-moving epi-
demics like COVID-19, comprehensive real-time tracking on a large geographic scale has
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generally been impractical. As a result, severity rates are commonly estimated using aggre-
gate counts of primary and secondary events over time. Indeed, CFR estimates based on
aggregate case and death counts became ubiquitous during the COVID-19 pandemic. These
appeared not only in scientific studies (Liu, Wei and He (2023), Wjst and Wendtner (2023),
Rajgor et al. (2020)) but also in major news outlets such as The Atlantic (Madrigal and
Moser (2020)), Wall Street Journal (Kamp and Krouse (2020)), and New York Times (Mc-
Neil (2020)).

In this paper we focus on estimating the severity rate, defined as

(1) pt = ℙ(secondary event will occur|primary event at t ),

at each given point in time t . Severity rates can be estimated retrospectively, where data col-
lected after time t is used to estimate pt . Retrospective analyses can be valuable, as they can
provide insights into epidemic dynamics amidst changing conditions. Often of greater inter-
est, however, is estimating severity rates in real time, which means only data available up
until t may be used to estimate pt . This is far more challenging, and expanding (1) helps ex-
plain why: we have pt =∑︁∞

k=0 ℙ(secondary event occurs at t + k|primary event at t ), which
depends on epidemic events (of potentially changing likelihood) in the future, yet real-time
estimators for pt may only use data through t , and none afterward.

Common methods for constructing real-time severity rate estimates are based on taking
ratios of primary and secondary event counts. These are described later in Section 4.2. In past
work (Goldwasser et al. (2024)), we demonstrated that such ratio-based estimators can be
subject to large (and predictable) statistical biases. Common retrospective estimators take on
similar forms and generally exhibit similar biases.

In this work we propose an approach that overcomes the limitations of these methods.
Our method has less bias than the existing ratio-based estimators, as it is based on perform-
ing deconvolution in a model that explicitly encodes time-varying severity rates in order to
generate secondary events from primary events. At its core, our deconvolution model stems
from a Poisson-binomial characterization of the relationship between primary and secondary
event counts. Since this model is underspecified, we use regularization—specifically, a form
of trend filtering—to smooth out the estimated severity rates, while maintaining the ability to
adapt to potentially abrupt changes in the underlying signal (thanks to the local adaptivity of
trend filtering). In the real-time case, we use additional regularization at the right tail of the
sequence, originally developed in Jahja, Chin and Tibshirani (2022). Our work expands on
Qu, Lee and Lam (2022), which proposes to estimate severity rates using a similar but more
restricted framework, based on squared loss and total variation penalties.

We validate our methodology on a broad range of experiments. These experiments
start with real data on COVID-19 hospitalizations during the pandemic and hypothetical
hospitalization-fatality rate (HFR) curves that we craft based on associating the major four
variants (original strain, Alpha, Delta, and Omicron) with fixed but data-driven HFRs. We
then simulate COVID-19 deaths using a Poisson-binomial (or beta-binomial, in cases where
overdispersion is present) model which uses observed hospitalization counts and hypotheti-
cal HFR curves. Tuning all hyperparameters with cross-validation, our deconvolution method
yields around 15% lower MAE than the convolutional ratio estimator in the retrospective
case. This improvement increases to 55% when comparing to the lagged ratio, arguably the
standard choice in current practice (Yuan et al. (2020), Luo et al. (2021), Horita and Fuku-
moto (2022), Feng et al. (2023), Liu, Wei and He (2023)). The benefits in the real-time case
are similarly strong. Our method continues to outperform ratio-based methods under various
degrees of model misspecification. Finally, the same qualitative benefits are observed on real
COVID-19 deaths, as we describe shortly in the subsection below.
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The rest of this article is structured as follows. After previewing and motivating our
methodology with a real data application comparing HFR estimates in Section 1.1, we de-
velop in Section 2 the Poisson-binomial model and corresponding approximations used for
deconvolution. In Section 3 we introduce our approaches for estimating severity rates, first
in the retrospective setting and then in real time. In Section 4 we describe our experimental
setup, and in Section 5 we analyze its results. Section 6 concludes with a discussion.

1.1. Motivating application: Time-varying HFR in COVID-19. In this subsection we
compare our deconvolution approach to the existing ratio-based methods in estimating the
COVID-19 hospitalization-fatality rate (HFR) over the pandemic in the state of Pennsylva-
nia. The HFR is an example of a severity rate (1) of key interest in public health, where
primary events are hopsitalizations and secondary events are deaths. Instead of estimating
a single number for the entire COVID-19 pandemic, we estimate the HFR as a function of
time—allowing the HFR to change in response to changing underlying conditions, such as
the introduction of new therapeutics, or the emergence of new variants.

We consider two different settings in which we estimate the HFR curve: the retrospective
setting, where we use data that was only available in hindsight to estimate the HFR at each
time t as best as possible, and the real-time setting, where we limit ourselves to data available
at each time t in order to estimate the HFR at t . Our proposed method, which performs
regularized deconvolution in a likelihood model, is described in Sections 3.2 and 3.3 for in the
retrospective and real-time settings, respectively; existing ratio-based methods are described
in Section 4.2.

The data used in our experiments in this subsection are from standard public health report-
ing pipelines. For primary events we use daily COVID-19 hospital admissions, as coordinated
by the National Healthcare Safety Network (NHSN). For secondary events we use different
datasets for the retrospective and real-time cases. In retrospect, we use daily COVID-19 death
counts,1 as collected by the National Center for Health Statistics (NCHS). In real time we use
daily COVID-19 deaths, as assimilated by Johns Hopkins University (JHU). NCHS deaths
were only available weeks after each event in question, while JHU published provisional
death counts in real time. These data sources are described in more detail in Section 4.1.

The estimators compared here all depend on a delay distribution, representing the (stochas-
tic) transition from hospitalizations to deaths. We take this to be a discretized gamma distri-
bution (or a point mass, for the lagged ratio method), whose mean is chosen separately in
the retrospective and real-time cases by maximizing cross-correlation between the relevant
observables, in the same manner as described later in Section 4.1. All methods have hy-
perparameters, which we tune via cross-validation and the one standard error (1se) rule, as
described in Section 4.3. We favor the 1se rule because the min rule qualitatively tends to
undersmooth, and even with this smoothness-favoring tuning, the ratio-based methods still
exhibit the instability highlighted below. For the deconvolution method, we choose quadratic
order (m = 2) regularization in the retrospective case, because this yields a smooth HFR
curve, and constant order (m = 0) in the real-time case, because this displays the most stable
performance across our experimental suite to come later.

Figure 1 displays the retrospective and real-time severity rate estimates. The high-level
summary—across both settings (retrospective and real time) and all methods—is as follows.
We see HFRs peaking at around 30% during the surge around the beginning of 2021, then
falling below 15% as the surge ended. Conditions remained relatively steady with the Alpha
variant in spring 2021, then climbed rapidly with the Delta variant later that year. They dipped

1This data is only available at the weekly level; hence, we imputed daily deaths by sampling from a multinomial
distribution with the weekly NCHS death total as the number of trials and uniform probabilities (all equal to 1/7).
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FIG. 1. HFR estimates on real COVID-19 data in Pennsylvania.

to around 20% as the Omicron variant swept through the state in winter 2022. As the wave
passed, severity rates fell sharply, bottoming out around 10%.

Comparing estimates to each another, the deconvolution estimates demonstrate notable
stability relative to the ratio-based estimates. This is true in both retrospective and real-time
cases, but especially pronounced in the real-time case, displayed in panel B. In this case
the ratio estimates spike to about 40% at the peak of the winter wave in early 2021, while
the deconvolution estimate stays near 30% (consistent with all estimates in the retrospective
case). Moreover, the ratio estimates suspiciously increase as the Omicron wave passes in
April 2022, whereas the deconvolution estimate holds steady over the same period, before
smoothly declining (again broadly consistent with the retrospective estimates).

There is no ground truth HFR in these real data experiments against which we can mea-
sure our estimates, to ultimately determine which is more accurate. However, the suspicious
behavior of the ratio-based methods in Figure 1 is consistent with the prior analysis in Gold-
wasser et al. (2024). For example, that work reveals how the real-time estimators are upwardly
biased during periods of sharp decline in the primary counts, including early 2022. Further-
more, in Sections 4 and 5 of this paper, we carry out semisynthetic experiments which start
from real primary events (COVID-19 hospitalizations) and then simulate secondary events
(COVID-19 deaths) from custom models which are tailored to match both the trend and
noise levels in observed secondary events (NCHS and JHU deaths in the retrospective and
real-time settings, resp.). This allows us to recreate the qualitative differences between the
estimators seen in Figure 1 and quantify the degree to which the proposed deconvolution
approach improves over ratio-based alternatives.

2. Statistical model. In this section we present a model which relates secondary to pri-
mary event counts, via severity rates, and describe an approximate likelihood suitable for
inference.

2.1. Exact likelihood. At a time point t , let Xt and Yt be the aggregate numbers of pri-
mary and secondary events, respectively. In the context of CFR, for example, Xt would be
the number of new cases at time t , and Yt the number of new deaths. Throughout we consider
discrete integer-valued time points, such as t = 1,2,3, . . . , but allow negative time values for
notational simplicity (e.g., when indexing the set of time points that precede a given time t ,
as we do below).
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In general, the number of secondary events at time Yt can be expressed as a sum of in-
dicator functions, where each indicator represents whether a given primary in the past event
resulted in a secondary event at t . Using cases and deaths as primary and secondary events,
for concreteness, observe that

(2) Yt =
∞∑︂

k=0

Xt−k∑︂
i=1

1{case i occurring at time t − k dies at t}.

The secondary incidence time series can be understood probabilistically by noting that the
indicator functions are Bernoulli random variables. Applying the definition of conditional
probability,

(3)

𝔼
[︁
1{case i at t − k dies at t}]︁
= ℙ(dies at t |case at t − k)

= ℙ(death occurs ∩ dies at t |case at t − k)

= ℙ(death occurs|case at t − k) · ℙ(dies at t |case at t − k, death occurs).

The first term of the final line is the severity rate pt−k , from (1). Meanwhile, we define the
second term to be the kth element of the delay distribution at time t − k. Formally, define

(4) π
(t)
k = ℙ(dies at t + k|case at t , death occurs)

as the kth element of the delay distribution at time t , where
∑︁∞

k=0 π
(t)
k = 1. Thus, by definition

the expectation (3) is equal to pt−kπ
(t−k)
k , so we may write

(5) 1{case i occurring at time t − k dies at t} ∼ Bernoulli
(︁
pt−kπ

(t−k)
k

)︁
.

It is reasonable to assume that these Bernoulli random variables are independent. Each repre-
sents a different patient, whose outcomes should not affect one another. An exception could
arise if severity rates are calculated within a very small, resource-constrained group—for
example, if one patient’s death frees up hospital resources for others, marginally improving
their prognosis (Dong et al. (2024)). In general, however, severity rates are typically assessed
over a broad population, at the resolution of counties or states or even countries—not single
hospitals or nursing homes. Henceforth, we make the assumption that individual patient out-
comes are independent. This assumption of independent Bernoulli outcomes is shared by all
other works on severity rates to which we compare (Overton et al. (2022), Wjst and Wendtner
(2023), Ghani et al. (2005), Luo et al. (2021)).

Under this assumption, note that Yt |Xs≤t follows a Poisson-binomial distribution, where
we abbreviate Xs≤t = {Xs : s ≤ t}. The Poisson-binomial generalizes the binomial distribu-
tion in that it represents a sum of independent Bernoulli random variables that do not nec-
essarily share the same success probability. In the context of severity rates, each Bernoulli
trial is whether an individual patient has a secondary event time t , as expressed in (2). Note
by (5) that all individuals with primary events on the same dates have the same “success”
probability; this is π

(t−k)
k pt−k for all Xt−k trials at time t − k. Thus, we may concisely write

(6) Yt |Xs≤t ∼ PoissonBinomial
(︁
π

(t)
0 pt , . . . , π

(t)
0 pt⏞ ⏟⏟ ⏞

Xt

,π
(t−1)
1 pt−1, . . . , π

(t−1)
1 pt−1⏞ ⏟⏟ ⏞

Xt−1

, . . .
)︁
,

where the underbraces indicate the number of times each success probability is repeated.
A useful fact to record will be the mean and variance of this distribution,

μt = 𝔼[Yt |Xs≤t ] =
∞∑︂

k=0

Xt−kπ
(t−k)
k pt−k,(7)
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σ 2
t = Var(Yt |Xs≤t ) =

∞∑︂
k=0

Xt−kπ
(t−k)
k pt−k

(︁
1 − π

(t−k)
k pt−k

)︁
,(8)

which follow by linearity of expectation and independence.

2.2. Approximate likelihood.

Approximations to the Poisson-binomial. The Poisson-binomial likelihood is generally in-
tractable for large counts. As with the binomial distribution, for the probability mass function
at Yt = yt , it is necessary to consider all

∑︁∞
k=0 Xt−k choose yt combinations of patients that

may yield this realized number of secondary events. For the Poisson-binomial, however, these
combinations do not share the same probability of occurring, since the Bernoulli variates in
(6) have different success probabilities. As a result, evaluating the probability mass function
requires enumerating all products of yt Bernoulli probabilities. This combinatorial explo-
sion is computationally prohibitive, unless the total number of primary events is very small,
which is not the case in our application where we are concerned with COVID-19 cases or
hospitalizations for U.S. states or across the whole nation.

Fortunately, different approximations exist for the Poisson-binomial distribution. A nat-
ural choice is the Poisson distribution with rate μt from (7). This has nonnegative, albeit
unbounded, support. It has variance

∑︁∞
k=0 Xt−kπ

(t−k)
k pt−k , which is larger than σ 2

t in (8),
but this difference matters little in practice, at least in our applications of interest. For exam-
ple, using numbers from the national experiments we run in Section 4, the Poisson variance
is only bigger by about 1.28%. More formally, Barbour and Hall (1984) showed that the
Poisson approximation to the Poisson-binomial incurs small error when the Bernoulli ran-
dom variables have low success rates. This is generally true for severity rates in epidemics,
where the probabilities π

(t−k)
k pt−k are small. By the results of Barbour and Hall (1984), the

total variation distance between the Poisson-binomial in (6) and its corresponding Poisson
approximation (with rate μt ) is upper bounded by

(9)
∞∑︂

k=0

(︁
π

(t−k)
k pt−k

)︁2
.

Again employing data from our U.S. simulation, the above bound is only 1.69 × 10−5. The
negligible TV distance justifies approximating the distribution of Yt |Xs≤t as Poisson.

Alternatively, Hong (2013) studies a normal approximation to the Poisson-binomial, with
mean μt and variance σ 2

t . Their empirical and theoretical results show the normal approx-
imation more faithfully captures the upper tail of the cumulative density function than the
Poisson. However, it struggles with the lower tail when the mean is low, since it includes
negative support.

Weak dependence at successive time points. Conditional on past counts of primary events,
we have shown that secondary event counts follow a Poisson-binomial distribution. Strictly
speaking, these secondary event counts need not be conditionally independent at successive
time points, since they are defined over a common group of individuals. For example, if case
i from t − k dies at time t , then this same case cannot die at time t + 1. Fortunately, the next
result demonstrates that the counts from successive time steps are weakly dependent, under a
simplifying assumption of equal variance.

PROPOSITION 2.1. Assume Var(Yt |Xs≤t ) = Var(Yt+1|Xs≤t+1). Under the Poisson-
binomial model described in (2), (5), (6), it holds that

(10) Cor(Yt , Yt+1|Xs≤t+1) ∈
[︃ −maxk≥0 π

(t−k)
k pt−k

1 − maxk≥0 π
(t−k)
k pt−k

,0
]︃
.
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Appendix A of the Supplementary Material (Goldwasser et al. (2026)) contains the proof
of this result. Given reasonably long-tailed delay distributions with low severity rates, each
π

(t−k)
k pt−k will be quite small. Plugging in numbers corresponding to the national data con-

sidered in Section 4, the lower bound on the correlations from Proposition 2.1 is roughly
−0.018. Computing the actual correlations from our simulated data, the lowest observed
value is −0.012. As these numbers are so low, it seems reasonable to approximate the distri-
bution of Yt |Xs≤t as being independent over different time points t , for the sake of estimation.

While our likelihood characterization for severity rates is novel, several works in com-
partmental models and reproduction numbers also assume aggregate counts on different
timesteps are independent (Cori et al. (2013), Liu et al. (2024), Cauchemez and Ferguson
(2008), Wallinga and Teunis (2004)).

Joint distribution and MLE. We have established that Yt |Xs≤t may be approximated by
Poisson or Gaussian distributions, which are nearly conditionally independent as t varies.
Next, we characterize the joint distribution over t , leaving regularization to the next section.
Let p denote the vector of severity rates, which has coordinate pt at time t . By approximating
the law of Yt |Xs≤t as Poisson with rate μt = μt(p) as in (7) and assuming independence of
these conditional distributions over t , we arrive at the following maximum likelihood prob-
lem:

maximize
0⪯p⪯1

∏︂
t

μt (p)Yt e−μt (p)

Yt !(11)

⇐⇒ minimize
0⪯p⪯1

∑︂
t

[︄(︄ ∞∑︂
k=0

Xt−kπ
(t−k)
k pt−k

)︄
− Yt log

(︄ ∞∑︂
k=0

Xt−kπ
(t−k)
k pt−k

)︄]︄
,(12)

where the notation 0 ⪯ z ⪯ 1 denotes elementwise constraints. This optimization problem
falls in the class of Poisson linear inverse problems, well studied in statistical physics and
image processing (Richardson (1972), Lucy (1974), Dupé, Fadili and Starck (2011), Rond,
Giryes and Elad (2016)). For a Poisson linear inverse problem to be computationally tractable,
the linear operator being applied to the optimization variable must have nonnegative entries.
That is indeed the case here, as each of the terms Xt−kπ

(t−k)
k are nonnegative.

We note that the identity-link parameterization used in (12) contrasts with Poisson regres-
sion, which is a generalized linear model that may be more familiar to many statisticians. In
this model, the log of the rate is a linear function of the features, and we would learn param-
eters β such that logμt =∑︁∞

k=0 Xt−kπ
(t−k)
k βt−k . However, having estimated β , there would

be no unique way to recover the severity rates p from

(13) log

(︄ ∞∑︂
k=0

Xt−kπ
(t−k)
k pt−k

)︄
=

∞∑︂
k=0

Xt−kπ
(t−k)
k βt−k.

In addition to the Poisson model described above, we also studied and implemented a
severity rate estimator using the normal approximation. While both estimators performed
roughly similarly well in our experiments, the Poisson model was simpler (note that the
severity rates p appear in the variance in (8), which complicates the Gaussian approximation),
and had marginally higher accuracy. For that reason we only provide a high-level account of
the Gaussian methods in the main text, delegating further discussion to Appendix B of the
Supplementary Material.

Estimating the delay distribution. In most applications the oracle delay distribution is un-
known. In lieu of π(t), a plug-in estimate π̂ (t) can be used instead, which typically has a finite
support, placing all of its mass on [0, d], where d < ∞. In other words, this assumes that no
secondary events occur after d time steps (and turns all infinite sums in (12) from k = 0 to
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∞ into finite sums from k = 0 to d). In any case, whether or not the support of the delay
distribution is finite, there will always be more severity rates than secondary event times,
and so the maximum likehood problem (12) is underspecified. The estimators we propose in
Section 3 will thus use regularization.

Estimating the delay distributions π(t) is an entire line of work in and of itself. Many
approaches use line lists which contain the times of primary and secondary events, other
approaches may be based on parametric approximations whose parameters are based on small
observational studies or even chosen based on epidemiological literature. Popular choices of
parametrizations include discretized gamma, Weibull, and log-normal distributions. For a
thorough account of existing methods, we refer the reader to Charniga et al. (2024).

3. Severity rate estimators. We now present our proposed severity rate estimators for
both the retrospective and real-time settings. We focus on the Poisson likelihood, with Ap-
pendix B of the Supplementary Material covering the Gaussian case. Some form of regular-
ization is necessary to compute likelihood-based severity rates, due to the fact that the maxi-
mum likelihood problem (either Poisson or Gaussian) is underspecified. While many forms of
regularization would suffice to make the problem well specified, we use a form which aligns
with the smoothness considerations underlying severity rates, discussed in detail below. We
then present our retrospective and real-time estimators.

For our methods to work well, the approximate likelihood outlined in Section 2.2 must
match the true data-generating process reasonably well. To review, this model assumes that
individuals have independent outcomes, the Poisson (or Gaussian) approximates the Poisson-
binomial accurately, Yt and Yt+1 are conditionally independent, and the delay distribution
is estimated well. In addition, the following estimators assume the actual severity rates are
smooth. The nature of the smoothness assumption depends on the order of trend filtering
regularization, introduced next.

3.1. Trend filtering regularization. Trend filtering is a nonparametric estimation tech-
nique, which models the mean function of univariate data as a piecewise polynomial where
the order (e.g., linear or cubic) is user-specified (Kim et al. (2009)). While this is remi-
niscent of the smoothing spline, trend filtering can adjust more responsively to the local
level of smoothness in the underlying signal (Tibshirani (2014)) by adaptively selecting the
locations—also called knots—at which the fitted polynomial changes. Local adaptivity is im-
portant for estimating severity rates, as these may remain constant for long stretches of time
when epidemic conditions do not change substantially, before changing rapidly in response
to new conditions.

For an integer order m ≥ 0, trend filtering in its original form (for nonparametric regres-
sion) models the mean vector θ ∈ ℝ

n over n data points as a piecewise polynomial, of degree
m. It does so by minimizing a loss term while penalizing the differences of θ of order m + 1.
These differences can be compactly represented by multiplying θ by a difference operator
D(m+1). This can be viewed as the discrete analog of a derivative operator and is defined
recursively as

(14) D(m+1) = D(1)D(m) ∈ℝ
(n−m−1)×n,

where D(1) is the first difference operator

(15) D(1) =

⎡⎢⎢⎢⎣
−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
...

. . .
. . .

...

0 0 0 · · · −1 1

⎤⎥⎥⎥⎦ ∈ ℝ
(n−m−1)×(n−m).
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Trend filtering applies a penalty based on the ℓ1 norm, λ∥D(m+1)θ∥1, for a tuning parameter
λ ≥ 0. To give examples, for the first three orders m = 0,1,2, the trend filtering penalties are

⃦⃦
D(1)θ

⃦⃦
1 =

n−1∑︂
i=1

|θi+1 − θi |,

⃦⃦
D(2)θ

⃦⃦
1 =

n−2∑︂
i=1

|θi+2 − 2θi+1 + θi |,

⃦⃦
D(3)θ

⃦⃦
1 =

n−3∑︂
i=1

|θi+3 − 3θi+2 + 3θi+1 − θi |.

Since the ℓ1 norm induces sparsity, trend filtering solutions θ̂ have the property that many ele-
ments of the differenced vector D(m+1)θ̂ will be exactly zero (Tibshirani and Taylor (2011)),
with generally more zeros for larger λ values. The nonzero elements correspond to knots,
which are adaptively chosen based on the data. Between the knots, the solution traces out a
degree m polynomial; different segments of θ̂ may possess more or less smoothness, depend-
ing on how close the knots are to each other. We refer to Tibshirani (2014) for more details
and to Tibshirani (2022) for more discussion of the broader context and relation to splines.

The special case of m = 0 produces a piecewise constant fit and is known as the fused lasso
(Tibshirani et al. (2005)), or total variation denoising (Rudin, Osher and Fatemi (1992)), and
has a longer history of study. Recently, Qu, Lee and Lam (2022) proposed to use a fused
lasso penalty to estimate severity rates in a regression framework with squared loss. The
methods detailed below can be understood as a generalization of their work, encompassing
higher-order trend filtering penalties, a Poisson loss which stems from approximating the
Poisson-binomial likelihood underlying secondary event generation (Section 2), and added
tail regularization to tame real-time estimation (Section 3.3, below). That said, the squared
loss used in Qu, Lee and Lam (2022) is close to the Gaussian approximation we describe in
Appendix B of the Supplementary Material.

3.2. Retrospective deconvolution.

Estimator. Our retrospective method appends a trend filtering penalty to the Poisson likeli-
hood approximation derived in Section 2.2. In particular, starting from (12), we use a plug-in
estimate π̂ (t) for the delay distribution, with finite support [0, d], and append a trend filtering
penalty of order m ≥ 0, which yields

(16)
minimize

0⪯p⪯1

∑︂
t

[︄(︄
d∑︂

k=0

Xt−kπ̂
(t−k)
k pt−k

)︄
− Yt log

(︄
d∑︂

k=0

Xt−kπ̂
(t−k)
k pt−k

)︄]︄

+ λ
⃦⃦
D(m+1)p

⃦⃦
1.

We denote the vector of restrospective severity rate estimates, obtained by solving (16), by
p̂rs. Problem (16) is convex and can be readily optimized with standard software. Our imple-
mentation uses CVXR (Fu, Narasimhan and Boyd (2020)), the R interface to the disciplined
convex programming framework CVX (Grant and Boyd (2008)). CVXR supports a variety of
back-end solvers, of which we use the Clarabel optimizer for its efficiency on cone programs
(Goulart and Chen (2024)). We discuss the computational cost of this solver in Appendix E of
the Supplementary Material. Alternatively, one could adapt the specialized alternating direc-
tion method of multipliers optimizers developed for trend filtering (Ramdas and Tibshirani
(2016), Jahja, Chin and Tibshirani (2022)), but we do not pursue this in the current paper.
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The sum in (16) is over all secondary event times. Let NY denote the number of such event
times. Note that there are NY + d estimated severity rates, starting at d time steps before the
first secondary event time. Not all of these estimates are equally reliable. In this model the
severity rate pt contributes to secondary events in the d time steps which follow. Away from
the left or right boundary of second event times, assuming NY is sufficiently large relative to
d , these secondary events are all observed. As a result, the estimate p̂rs

t is likely to be more
stable, as it contributes to (and is hence informed by) many elements of the loss.

On the other hand, severity rate estimates will be less stable when t is near the left or right
boundaries of observations. In the most extreme edge cases, the first and last severity rates
only affect a single secondary count. This data scarcity issue persists throughout the d time
steps of each tail. As they contribute little to the loss, severity rate estimates at the tails are in
general subject to greater variability. To account for this, we recommend (and implement) a
burn-in and burn-out period for retrospective estimation. That is, while NY + d severity rates
are obtained, it is prudent to ignore the values near the boundaries.

Cross-validation. The hyperparameter λ ≥ 0 in (16) controls the degree of smoothness ex-
hibited by p̂rs. In an extreme case (λ → ∞), the solution will take the form of a global
polynomial of degree m. At the other extreme (λ → 0), it will be a highly volatile piecewise
polynomial, having a knot at each possible time point. We rely on K-fold cross-validation for
selecting λ, defining folds in a structured way that respects the time dependence in our ret-
rospective estimation problem. In each of the K folds, secondary incidence Yt at every K th
time step t is held out from the loss, reducing the number of training samples by a factor of
1/K . For fold j ∈ {1, . . . ,K}, denoting by p̂rs,j (λ) the result of optimizing the correspond-
ing version of (16) with samples withheld, we record the mean absolute error (MAE) from
reconvolution over the validation set Vj ,

(17) MAEj (λ) = 1

|Vj |
∑︂
t∈Vj

⃓⃓⃓⃓
⃓Yt −

d∑︂
k=0

Xt−kπ̂
(t−k)
k p̂

rs,j
t−k(λ)

⃓⃓⃓⃓
⃓.

The cross-validation error for the given λ is the average across the K folds,

(18) MAE(λ) = 1

K

K∑︂
j=1

MAEj (λ).

This process is iterated over a grid of λ values, the largest of which should ideally produce an
estimate with no knots. We denote this value by λmax and derive its form in Appendix C of
the Supplementary Material. Observe that any λ ≥ λmax will result in an estimate which is a
global polynomial. From the cross-validation error curve, we select the value λ∗ of the tuning
parameter with the lowest error and then use this value to estimate severity rates using the
whole time series. This is a standard strategy, sometimes called the “min rule.” An alternative
that is useful when the cross-validation error curve is flat around its minimum is the “1se rule”
(Hastie, Tibshirani and Friedman (2009)), which selects the largest λ whose cross-validation
error is within one standard error of the minimum value.

Since fewer training samples are used when tuning λ in cross-validation, we make a slight
adjustment to (16) in order to ensure that it balances the loss and regularization terms on a
common scale. Specifically, whenever solving (16) (either in cross-validation iterations or in
full, on the whole time series), we normalize each sum by its number of summands.

The order of trend filtering, m ≥ 0, may also be tuned using the data. We can compare
cross-validation errors across all λ and m and select the pair (λ∗,m∗) with the lowest error.
As we we typically restrict our attention to m ∈ {0,1,2}—resulting in piecewise constant,
linear, and quadatic trends, respectively—such additional tuning over m does not present
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much of an additional computational burden. Alternatively, the user may want to handpick
m ∈ {0,1,2}, based on qualitative considerations, to reflect the desired shape of the severity
rate curve: piecewise constant (allowing for jump discontinuities), piecewise linear (allowing
for sharp turnaround points), or piecewise quadratic (allowing for smoother evolution).

3.3. Real-time deconvolution.

Estimator. Denote by T the time through which data is available and at which one seeks
to estimate the current severity rate pT . To be clear, in this real-time estimation problem, no
data which becomes available after T may be used, since it does not yet exist. The most basic
adaption of the retrospective approach in the previous subsection to the current real-time case
would be to solve (16), where the sum is restricted to t ≤ T . However, here the severity rate
pT only contributes to a single data point YT in the loss, and this leads to a much greater
degree of variability in estimating pT compared to the retrospective case. We will thus use
extra regularization to temper such tail variability. This itself introduces a potential tradeoff,
gaining stability but reducing adaptivity.

The regularization techniques we employ are inspired by Jahja, Chin and Tibshirani
(2022), who studied deconvolution in the context of nowcasting infections that will even-
tually appear as case reports. The additional regularization comes in two parts. The first part
is to impose a constraint on the tail values of the severity rate curve, which prevents overfitting
to the most recent secondary counts. In particular, we constrain the differences of order m+1
of the last m severity rates to be zero, enforcing these rates to adhere to a polynomial trend of
degree m (preventing a knot from occuring near the tail). This constraint differs only lightly
from that in Jahja, Chin and Tibshirani (2022), who used a natural spline constraint. This
constrains the tails to be a polynomial of degree (m − 1)/2; note that our proposal applies to
all values of m, whereas natural splines are only defined for odd m.

The second part adds a regularization term to the criterion which is a kind of tapered
smoothing penalty, penalizing the squared differences pt−1 − pt in adjacent severity rates
with successively decreasing weight as t moves away from T . Such weights are chosen based
on how much mass is captured by the delay distribution between primary and secondary
events. Specifically, we assign (pt−1 −pt)

2 a weight wt = 1/F̂ (T )(T − t) for t ≥ T − d , and
wt = 0 for t < T − d , where F̂ (T )(k) =∑︁k

j=0 π̂
(T )
j is the CDF of π̂ (T ) at k. Thus, the longer

the tail of the delay distribution, the more we seek to smooth out severity rates in the recent
past.

Putting these two sources of regularization together leads to the following optimization,
which defines our real-time severity rate estimates at T :

(19)

minimize
0⪯p⪯1

∑︂
t≤T

[︄(︄
d∑︂

k=0

Xt−kπ̂
(t−k)
k pt−k

)︄
− Yt log

(︄
d∑︂

k=0

Xt−kπ̂
(t−k)
k pt−k

)︄]︄

+ λ
⃦⃦
D(m+1)p

⃦⃦
1 + γ

⃦⃦
WD(1)p

⃦⃦2
2

subject to
m+1∑︂
k=0

(−1)k
(︃
m + 1

k

)︃
pT −m−1+k = 0,

where W = diag(0, . . . ,0,
√

wT −d, . . . ,
√

wT ) is a diagonal matrix whose only nonzero el-
ements are the final d + 1 diagonal entries. Denoting by p̂rt the vector of real-time severity
rate estimates obtained by solving (19), the real-time estimate of pT is its last element p̂rt

T .
In practice, it is common for epidemic data streams to be revised after initial data is re-

leased (Reinhart et al. (2021)). This means that, from one time T to the next, the whole
sequences of primary and secondary counts used in real-time estimation may be updated
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(rather than new primary and secondary counts simply being appended). To reflect this, it
helps to introduce some additional notation: for time points s ≥ t , denote by X

(s)
t the version

of primary incidence at time t which was available as of time s, and similarly Y
(s)
t for sec-

ondary incidence. Therefore, in practice, we would substitute each pair Xt , Yt of primary and
secondary counts in (19) with X

(T )
t , Y

(T )
t , the versions of these counts available at T .

Cross-validation. We tune the hyperparameters λ,γ ≥ 0 in (19) with a two-stage approach,
again inspired by Jahja, Chin and Tibshirani (2022). First, setting γ = 0, tune λ with K-
fold validation, exactly as in the retrospective case described previously. Then, fixing λ = λ∗
at the chosen value from cross-validation, we tune γ with a rolling-validation (also called
forward-validation) procedure. This works as follows: for each s = T − M, . . . , T − 1, we
solve (19) using only data up through time s and use the resulting severity rate estimates
p̂rt,s(γ ) to form a prediction Ŷs+1(γ ) of Ys+1 by reconvolution. The rolling-validation error
for the given γ is then

(20) MAE(γ ) = 1

M

T −1∑︂
s=T −M

⃓⃓
Ŷs+1(γ ) − Ys+1

⃓⃓
.

This process is iterated over a grid of γ values. As with cross-validation, we can select a
value γ ∗ according to the “min rule” (the γ with minimum MAE), or alternatively, the “1se
rule” (the largest γ whose MAE lies within one standard error of the minimum). Finally, the
real-time problem is solved at hyperparameter values λ∗ and γ ∗ on all available data from
which we extract p̂rt

T . This is summarized in Algorithm 1. Figure 3 in Appendix E of the
Supplementary Material plots deconvolution estimates at varying levels of γ , highlighting its
ability to significantly alter tail predictions.

It is worth making two further remarks. First, as in the retrospective case, before running
either cross-validation or forward-validation, the likelihood and regularizer terms in (19) are
placed on a common scale by dividing each by their number of summands. Second, the order
of trend filtering m can again be tuned using the two-stage approach, based on minimizing
the forward-validation error. It can instead be chosen based on qualitative considerations, as
discussed in the retrospective subsection.

Algorithm 1 Tuning λ, γ by two-stage validation
Input: Candidate sets of values Λ, Γ for λ, γ ; primary and secondary incidence Xt , Yt , for

t ≤ T ; number of cross-validation folds K and number of forward-validation steps M

Output: Selected λ∗, γ ∗
1: for each λ ∈ Λ do
2: Use K-fold cross-validation for problem (19) with γ = 0, to record MAE(λ)

3: end for
4: Select λ∗ by min or 1se rule
5: for each γ ∈ Γ do
6: for s = T − M to T − 1 do
7: Solve (19) with given γ , λ = λ∗, and T = s to yield p̂rt,s(γ )

8: Linearly extrapolate p̂
rt,s
s+1(γ ) from p̂rt,s

s (γ ) and p̂
rt,s
s−1(γ )

9: Compute prediction Ŷs+1(γ ) =∑︁d
k=0 Xs+1−kπ̂

(s)
k p̂

rt,s
s+1−k(γ )

10: end for
11: Record MAE(γ ) = 1

M

∑︁T −1
s=T −M |Ŷs+1(γ ) − Ys+1|

12: end for
13: Select γ ∗ by min or 1se rule
14: return λ∗, γ ∗
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4. Experimental setup.

4.1. Semisynthetic data generation. To evaluate our methods against existing bench-
marks, we generated realistic secondary incidence data using ground truth severity rates,
whose computation is described below. These simulations are intended to mimic true COVID-
19 deaths in the U.S. over the pandemic. The severity rate we targeted throughout our analysis
was hence the hospitalization-fatality rate (HFR).

Real data resources. Our simulations used real hospitalization counts as the primary inci-
dence data. In the first several years of the pandemic, COVID-19 hospital admissions were
reported daily in real time to the Department of Health and Human Services (Department of
Health and Human Services (2023)). This process was coordinated by the National Health-
care Safety Network; thus, we refer to the aggregate daily hospital admissions as NHSN data.

From observed NHSN hospitalizations, we simulated COVID-19 deaths across the U.S.
and all 50 states as well as for both the retrospective and real-time settings. We designed
separate simulation models for each of these settings; the discrepancy here reflects the fact
that different counts were available in real time vs. in retrospect during the pandemic. True
weekly death totals were aggregated in retrospect by the National Center for Health Statis-
tics (NCHS) (Ahmad and Cisewski (2025)). NCHS revealed these death totals well after the
week in question. NHSN began comprehensive hospitalization reporting in summer 2020,
and NCHS stopped reporting deaths in early 2023. Our retrospective simulations cover this
2.5-year window.

In real time, Johns Hopkins University (JHU) published provisional daily death counts.
These data bear a subtle yet important distinction from those of NCHS—JHU deaths reflect
not the true number of deaths which occurred each day, but rather the number of new deaths
reported on a given day. Often, these deaths were reported days or even weeks after they
occurred. As a result, the delay distribution, which underlies the JHU data, has higher mean
than that for NCHS. The JHU counts were also considerably noisier, due at least in part to
reporting idiosyncrasies. Our real-time simulations cover the same 2.5-year window, from
summer 2020 to early 2023, consistent with the retrospective case.

We use the Epidata API (Farrow et al. (2015)) to download all of the data described above.

True severity rates. The severity rates that we used as the ground truth in our simulations
were created using the following variant-based procedure. In each region (state or U.S. na-
tional), we defined a single HFR associated with the four most significant COVID-19 vari-
ants: the original strain, Alpha, Delta, and Omicron. Using data from CoVariants (Hodcroft
(2021)), we identified the dominant period for each variant, based on when it accounted for
over half of cases. Within this window we computed the HFR as the total number of NCHS
deaths divided by NHSN hospitalizations, offset by two weeks to account for delays. Finally,
we mixed these per-variant HFRs with the variant proportions in circulation to obtain the
final HFR curve,

(21) pt =∑︂
v

cv
t p

v where
∑︂
v

cv
t = 1 for all t .

Here the sums are over variants v, with pv denoting the HFR for variant v, and cv
t denotes

the proportion of variant v in circulation at time t (calculated again from CoVariants data).

Delay distributions. While our severity rate estimators allow for nonstationary delay dis-
tributions π(t), for the sake of simplicity our simulations use a constant delay π(t) = π , for
all t . In reality, delay distributions are known to vary over time (Ward and Johnsen (2021)),
though our evaluation of model performance under misspecified delays partially addresses
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this limitation. Moreover, this simplification is consistent with standard practice in estimat-
ing severity rates (Overton et al. (2022), Qu, Lee and Lam (2022)) and reproduction numbers
(Wallinga and Teunis (2004), Cori et al. (2013), Chitwood et al. (2022)).

Setting d = 60 days, we fit discrete gamma distributions in each region parameterized
by heuristically-chosen means and variances. The means were estimated by maximizing the
cross-correlation between NHSN hospitalizations and deaths, NCHS deaths in the retrospec-
tive case and JHU in real time. The standard deviations were set to 90% of the means, mo-
tivated by empirical findings on typical hospitalization-to-death delays (Ward and Johnsen
(2021)). Denoting by Fγ the cumulative distribution function (CDF) of the correspond-
ing gamma distribution, we define the delay distribution by πk ∝ FΓ(k + 1) − FΓ(k), where
these values are normalized to sum to 1.

Noise models. Using the NHSN hospitalizations, variant-based severity rates, and delay
distributions as described above, we then simulate daily deaths from the following noise
models:

• For the retrospective simulation, we generated deaths from a Poisson-binomial model; this
qualitatively matches the variance of death counts from NCHS, as shown in Figure 2.

• For the real-time simulation, we generated deaths from a beta-binomial distribution, which
reflects the fact that JHU deaths are more overdispersed than what the Poisson-binomial
can accommodate. As we describe below, we first estimated the amount of overdispersion,
then simulated deaths with the given variance. The results qualitatively match the disper-
sion of deaths counts from JHU; see Figure 3.

To estimate the amount of dispersion in each region (50 states and U.S. overall), we fit a
quasi-Poisson regression to cleaned JHU death counts. Appendix D.1 of the Supplementary
Material details our methodology. This regression computes a coefficient β̂ which encodes
the amount of overdispersion present in the JHU death data in the given region. To accom-
modate such overdispersion in our simulation model for deaths, we then use a beta-binomial
model, described next.

The beta-binomial distribution is a popular tool for modeling count data with dispersion
(Kim and Lee (2017)). For our problem, in a given region with dispersion coefficient β̂ , we
can use the standard mean-rho parameterization to define the beta-binomial at each time t ,
setting

(22) Mt = μt∑︁d
k=0 Xt−k

and ρt =
[︃

β̂σ 2
t

μt (1 − μt/
∑︁d

k=0 Xt−k)
− 1
]︃[︃

1∑︁d
k=0 Xt−k − 1

]︃
,

where μt , σ 2
t are as defined in (7), (8). Appendix D.2 of the Supplementary Material gives

the details behind this calculation.
Figures 2 and 3 qualitatively assess the goodness-of-fit of our simulation models by plot-

ting simulated and real data for four regions of varying sizes. While the curves do not overlap
precisely (we do not have access to the true HFR in simulations), visual inspection shows
that the noise levels are relatively comparable.

4.2. Methods considered. In the retrospective and real-time simulations, we ran Poisson
deconvolution with trend filtering penalties of orders m = 0,1,2, which deliver piecewise
constant, linear, and quadratic estimates, respectively. We further considered tuning the order
m of trend filtering regularization itself, by cross-validation in the retrospective case, and
forward-validation in real time.

We compared these deconvolution methods to the standard ratio-based estimators of sever-
ity rates, which we will often refer to as to “benchmark” methods. The precise formulations
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FIG. 2. Real (NCHS) and simulated (Poisson-binomial) daily deaths. (The NCHS data is itself weekly, but here
we have subsampled it to the daily level to match the time resolution of our simulated data.)

for these methods differ slightly between the retrospective and real-time settings; in all cases
we allow the methods to use smoothed primary and secondary counts over some window
W ≥ 1, serving as a hyperparameter (with W = 1 corresponding to no smoothing). In the
real-time setting, we smooth counts with a trailing window, and in retrospect, we use a cen-

FIG. 3. Real (JHU) and simulated (beta-binomial) daily deaths. (The JHU deaths displayed here are “finalized,”
meaning that the history has been revised after the end of the reporting period. They have been preprocessed as
described in Appendix D.1 of the Supplementary Material.)
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tered window. For the case of primary incidence, define

(23) ˜︁Xrt
t = 1

W

W−1∑︂
k=0

Xt−k and ˜︁Xrs
t = 1

W

⌈W/2⌉−1∑︂
k=−⌊W/2⌋

Xt+k,

and analogously, define ˜︁Y rt
t and ˜︁Y rs

t for secondary incidence.
With this notation in place, we can now define the lagged ratio estimators, arguably the

most widely-used estimators of severity rates in practice. These simply compare primary and
secondary events, offset by a lag of ℓ ≥ 0 time steps. The real-time and retrospective lagged
ratios are

(24) p̂rt
t =

˜︁Y rt
t˜︁Xrt
t−ℓ

and p̂rs
t =

˜︁Y rs
t+ℓ˜︁Xrs
t

,

respectively. The lag parameter ℓ represents the typical duration between primary and sec-
ondary events.

Two alternative estimators introduced by Overton et al. (2022) (based on earlier work of
Nishiura et al. (2009)) adopt a more faithful approach that uses an estimate of the delay
distribution, π̂ (t). We call these the convolutional ratio estimators, as the delay distribution
convolves against trailing primary events to account for secondary incidence. The real-time
convolutional ratio is

(25) p̂rt
t =

˜︁Y rt
t∑︁d

k=0
˜︁Xrt

t−ℓπ̂
(t−k)
k

.

The retrospective version tracks the proportion of cases among primary events at t who will
eventually have secondary events. While secondary event dates for individual cases at t are
unknown, the relevant secondary count can be estimated with a convolutional model. This
leads to the retrospective convolutional ratio,

p̂rs
t =

d∑︂
k=0

˜︁Y rs
t+kπ̂

(t)
k∑︁d

j=0
˜︁Xrs

t+k−j π̂
(t+k−j)
j

.(26)

We note that, when each distrbution π̂ (t) is a point mass at ℓ, the convolutional ratios reduce
to the lagged ones. Therefore, the former may be understood as generalizations of the latter.

In previous work (Goldwasser et al. (2024)), we studied the bias of the real-time lagged
and convolutional ratios, both formally and empirically. Our analysis revealed that the lagged
ratio tends to exhibit large bias and can both signal nonexistent surges and fail to detect
upticks in severity rate. The convolutional ratio is generally more robust, but it still can have
significant bias when the severity rate is changing.

The retrospective lagged ratio is subject to roughly the same bias as in the real-time case:
it is effectively the same estimator offset by ℓ time steps. The retrospective convolutional
ratio is somewhat more challenging to analyze than its real-time counterpart. However, its
derivation is based on a stationarity assumption, and it will still be particularly biased when
the severity rate changes around t .

These ratio estimators all depend on the hyperparameter W , which controls the length of
the smoothing window, and must be tuned. In the retrospective case, this is tuned via K-fold
cross-validation, just like λ for the retrospective deconvolution method. In the real-time case,
it is tuned via M-step forward-validation, just like γ for the real-time deconvolution method.
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4.3. Experimental design. In all cases, we examined the use of both the min rule and
the 1se rule to tune hyperparameters using cross- and forward-validation: recall this is λ

for retrospective deconvolution, λ, γ for real-time deconvolution, and W for the benchmark
methods, lagged and convolutional ratios, in both retrospective and real-time settings. In each
case, we report results for the most favorable rule (min or 1se) in terms of MAE, giving each
method the full benefit of the doubt; details will be given in the next section. Throughout, we
used K = 5 cross-validation folds and M = 28 forward-validation steps.

We evaluated deconvolution and benchmark severity rate estimators on simulated data
across 50 states as well as the U.S. nationally. The estimation window encompassed a roughly
two-year period between 2021 and 2022, omitting a burn-in and burn-out period. With the
exception of the misspecified experiments described in the final paragraph of this subsection,
the deconvolution methods and the convolutional ratios were given access to the oracle delay
distribution, thus using π̂ (t) = π , for all t . The lagged ratios use a lag ℓ equal to the mean
of the delay distribution in each region. In all but the misspecified experiments, the reported
results are averaged over 10 replications (10 draws of data from the simulation model).

To peform deconvolution with trend filtering regularization, we solved the optimization
problems (16), (19) with Clarabel in CVXR (Goulart and Chen (2024)). The retrospective
setting required much less computation than real time. For this reason we also ran decon-
volution and the benchmarks with oracle hyperparameter tuning. This selected the hyper-
parameters whose estimated severity rates had the smallest mean absolute error (MAE), in
hindsight. To lessen the computational burden in both the retrospective and real-time cases,
we only computed estimates from each method once every seven days. In total, this amounted
to about 100 estimation dates, over which we calculated the eventual MAEs to be reported.

Lastly, we recomputed all the estimators under misspecified delay distributions—still con-
stant over time, but not equal to π . We considered six different misspecified delay distri-
butions with varying means; each was still a discrete gamma distribution, whose standard
deviation is set to 90% of its mean. In the retrospective case, we set the means to be one, two,
and three days before and after the true value for each state. For the real-time case, which had
longer delay distributions, the means were offset by one, three, and five days, on both sides
of the true value. Appendix D.3 of the Supplementary Material provides visualizations of the
misspecified delay distributions for a few states.

5. Experimental results. We analyze results across the synthetic experiments described
in the previous section.

5.1. Retrospective analysis. In the retrospective setting, deconvolution largely outper-
forms the ratio-based estimators across the U.S. and the 50 states. Table 1 summarizes the
performance of these methods when all of the hyperparameters are tuned via cross-validation.
As mentioned above in the experimental design, we consider using both the min rule and 1se
rule within cross-validation, and for each method we report the results from the rule with the
strongest performance; in the retrospective case, this ends up being the min rule for trend
filtering and the 1se rule for the ratio methods. The table reports, for each method, the MAE
averaged over the 51 regions and 10 replicates,

(27)
1

51

51∑︂
r=1

(︄
1

10

10∑︂
i=1

MAEri

)︄
,

where MAEri is the MAE for region r and replicate i. It also reports the associated standard
error,

(28)
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TABLE 1
MAE of methods in retrospective HFR estimation and the associated percentage improvement on the

convolutional ratio (CR) and lagged ratio (LR). Results are averaged over 51 regions and 10 replications

Lagged Ratio Conv Ratio Deconv-0 Deconv-1 Deconv-2 Deconv-Tuned

MAE ×103 16.6 ± 0.2 8.3 ± 0.1 6.7 ± 0.1 6.9 ± 0.1 7.1 ± 0.1 6.9 ± 0.1
Improv over CR (%) −112.5 ± 2.7 0.0 ± 0.0 15.2 ± 0.7 15.9 ± 0.7 12.4 ± 0.8 14.1 ± 0.7
Improv over LR (%) 0.0 ± 0.0 47.6 ± 0.6 56.2 ± 0.6 56.3 ± 0.7 54.3 ± 0.7 55.6 ± 0.6

where σ̂ 2(S) is the sample variance of elements in a set S. In the table, “Deconv-m” denotes
deconvolution with trend filtering regularization of order m, and “Deconv-T” denotes decon-
volution with the order tuned by cross-validation. The same labeling is used throughout all
tables and figures.

As we can see from Table 1, all orders of trend filtering yield more accurate severity rate
estimates than the ratio-based methods. The MAE of the convolutional ratio is roughly 8.3 ×
10−3 on average, substantially outperforming the lagged ratio. For deconvolution methods
the average MAE ranges from 6.7 to 7.1×10−3, depending on the order m. This translates to
a roughly 12–16% improvement in MAE over the convolutional ratio, and roughly 54–56%
over the lagged ratio. Tuning the order of trend filtering also works well. Moreover, Table 1
in Appendix E of the Supplementary Material shows that under oracle tuning (with all tuning
parameters chosen to optimize MAE) deconvolution outperforms the benchmarks by an even
wider margin.

Figure 4A disaggregates the MAEs by population size, across the 51 regions. Observe
that the spread of improvement varies by population, with deconvolution generally having
stronger gains over the benchmarks for smaller population sizes (where estimation is gen-
erally more challenging). Figure 4B confirms that this holds for all orders of trend filtering
regularization.

Figure 5 shows the HFR curves for an example region, Pennsylvania. The ratio-based
estimates oscillate around the ground truth HFR (solid black line), with the lagged ratio dis-
playing clearly greater volatility, but the convolutional ratio still showing a nontrivial amount

FIG. 4. MAE vs. population size in retrospective HFR estimation for 51 regions (U.S. and 50 states). Each point
is averaged over 10 replications.
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FIG. 5. Example retrospective HFR estimates for Pennsylvania, from a single replication.

as well. Broadly, the estimates from deconvolution do not share this behavior and are qualita-
tively more stable. We emphasize that this is the case even though the ratio-based methods use
cross-validation with the 1se rule to tune their hyperparameters (which incentivizes a greater
amount of regularization). The same behavior is generally consistent across all geographies,
and the HFR curves for the remaining states are displayed in Figure 8 of Appendix E of the
Supplementary Material.

5.2. Real-time analysis. Deconvolution also performs strongly in the real-time setting.
In the format of Table 1 above, Table 2 reports the MAEs and percentage improvements
over the benchmarks in the real-time case, when all hyperparameters are tuned with cross-
validation. Again, for each method we selected among the min and 1se rule depending on
which resulted in more favorable performance; in the real-time case, this ends up being the
1se rule for all hyperparameters, except for λ in deconvolution, which resulted in marginally
better performance when tuned via the min rule. We note that the convolutional ratio estimator
had substantially worse performance under the min rule, whose chosen window sizes tended
to undersmooth counts.

As we can see from the table, the deconvolution methods provide an improvement in ac-
curacy over the ratio-based methods, consistent with the previous results for the retrospective
case. All orders m of trend filtering regularization are around 11–17% more accurate than the
convolutional ratio and around 24–29% better than the lagged ratio. Tuning the order of trend
filtering still generally works well.

Figure 6 breaks down the MAE by population size, and once again we can see that decon-
volution has an advantage over the ratio methods across the full range of geographies, with
the gap being generally larger for smaller regions. Figure 7 displays example HFR curves for
Pennsylvania, as before. In the current real-time case, we can clearly see the quality of all
estimates degrade. The ratio-based estimates are especially volatile, and their erratic behav-
ior here can be understood from the perspective of the analysis in Goldwasser et al. (2024).
For example, their positive bias in early 2022, particularly that of the lagged ratio, can be
attributed to the Omicron surge which just passed. The deconvolution estimates are com-
paratively smoother and more stable. Finally, Figure 9 in Appendix E of the Supplementary
Material displays the full set of HFR curves across all states, where broadly the same conclu-
sions are upheld.
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TABLE 2
MAE of methods in real-time HFR estimation, and the associated percentage improvement on the convolutional

ratio (CR) and lagged ratio (LR). Results are averaged over 51 regions and 10 replications

Lagged Ratio Conv Ratio Deconv-0 Deconv-1 Deconv-2 Deconv-Tuned

MAE ×103 27.0 ± 0.1 22.9 ± 0.1 18.5 ± 0.2 19.3 ± 0.1 19.8 ± 0.1 19.6 ± 0.1
Improv over CR (%) −19.3 ± 0.4 0.0 ± 0.0 16.7 ± 0.5 13.4 ± 0.4 10.9 ± 0.5 12.2 ± 0.5
Improv over LR (%) 0.0 ± 0.0 13.8 ± 0.3 28.6 ± 0.5 25.6 ± 0.5 23.6 ± 0.5 24.6 ± 0.5

5.3. Misspecification analysis. The advantage of deconvolution over benchmark meth-
ods persists under various degrees of misspecification. Figure 8 displays the MAE as a func-
tion of the offset of the mean of the working delay distribution used by each method (or
the lag used by the lagged ratio) relative to the true delay. Unsurprisingly, we see accuracy
degrade under misspecification, as evidenced by the curves which generally slope upward
as the mean offset moves away from zero. The gap in MAE of the lagged ratio and any of
the other estimators is clearly large, regardless of the amount of misspecification. Comparing
the convolutional ratio to deconvolution, the MAE gap narrows somewhat as the mean offset
grows, in the retrospective case; on the other hand, the gap more or less holds steady as the
mean offset varies, in the real-time case. Figure 2 in Appendix E of the Supplementary Mate-
rial transforms the MAE curves from deconvolution in Figure 8 into percentage improvement
curves over the convolutional ratio. The findings are consistent and overall the deconvolution
methods display comparably strong performance in our misspecified experiments.

As a further robustness check, Appendix E.5 of the Supplementary Material examines a
time-varying delay distribution defined as a daily mixture of variant-specific gamma delays,
with weights determined by each state’s dominant SARS-CoV-2 variant on a given day. De-
convolution’s advantage over the ratio-based benchmarks is broadly preserved in that setting,
under both well-specified and misspecified working delays.

6. Discussion. In this work we characterize the probabilistic relationship between two
time series (primary and secondary event counts) which are related by time-varying convo-
lution: a delay distribution times a quantity called the severity rate. The resulting likelihood
allows us to construct new deconvolution-based estimators of severity rates in both the retro-
spective and real-time settings. To encourage smoothness over time, we apply trend filtering

FIG. 6. MAE vs. population size in real-time HFR estimation for 51 regions (U.S. and 50 states). Each point is
averaged over 10 replications.
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FIG. 7. Example real-time HFR estimates for Pennsylvania from a single replication.

regularization, and in the real-time case, we use additional regularization to control volatility
at the boundary of observations (the right tail of the time series). In extensive simulations,
designed to mimic the relationship between COVID-19 hospitalizations and deaths in the
U.S., we find our deconvolution method to be consistently more accurate than the typical
ratio-based methods used in practice, often by a significant margin. On real data the qualita-
tive differences are quite similar, with deconvolution able to provide stable estimates of the
hospitalization fatality rate (HFR) under changing conditions, while the ratio-based estimates
are subject to suspicious swings and spikes, as expected based on Goldwasser et al. (2024).

It is worth further reflecting on some of our results from the perspective of public health
practice. In our real-time experiments, cross-validation and the 1se rule—to choose the
smoothing window in the lagged ratio and convoluational ratio methods—nearly always se-
lects the maximum window size of four weeks. Under smaller window sizes, the ratio-based
methods perform much worse and the margin of improvement of deconvolution only grows.
This creates a tradeoff to be navigated, as long windows may be undesirable in practice.

FIG. 8. MAE vs. mean offset, which is a measure of misspecification of the delay distribution. Results are aver-
aged over 51 regions.



ESTIMATING TIME-VARYING EPIDEMIC SEVERITY RATES 2539

A core purpose of real-time estimation is to expeditiously detect changes in severity rates.
Smoothing values over an entire month seriously hampers our ability to do so, and it seems
window sizes this large are rarely used in practice. The ability of trend filtering to perform
locally adaptive smoothing—which effectively uses a longer or shorter smoothing window
as needed at different parts of the time series—is a potentially powerful way to navigate the
basic tradeoff between detecting changes and controlling variability.

We now reflect on some fundamental differences in the models underlying ratio-based
and deconvolution-based methods. Notice that, as defined in (1), severity rates are inherently
forward-looking quantities. The rate pt is defined not only by primary events at t but also by
secondary events in the future. By maximizing an approximate likelihood, the deconvolution-
based method thus automatically adopts this forward-looking perspective, even in the real-
time case where future events are unobserved. In contrast, the real-time lagged and con-
volutional ratios from Section 4.2 are backward-looking methods. They quite literally look
backward in time to past primary events in order to explain secondary events at t . To help
draw this out precisely, we can define an analogous estimand, the backward-looking severity
rate, by

(29) p̃t =
d∑︂

k=0

ℙ(secondary event occurs at t |primary event at t − k).

The original forward-looking severity rate admits a similar decomposition,

(30) pt =
d∑︂

k=0

ℙ(secondary event occurs at t + k|primary event at t ).

In Appendix F of the Supplementary Material, we develop connections between the real-
time convolutional ratio and the backward-looking severity rate. A key point to highlight: if
conditions remain constant—meaning, the delay distribution and severity rates are constant in
a sufficiently large widow around t—then the forward- and backward-looking severity rates
are equal, p̃t = pt , and the convolutional ratio is unbiased for this common value. Indeed, the
real-time convolutional ratio performs well when the true severity rates are nearly constant.
Looking back to Figure 7, its estimates tend to be most accurate during such periods, for
example, in the last months of 2021 and throughout most of 2022.

However, when severity rates are nonstationary, the convolutional ratio suffers from bias.
As shown in Goldwasser et al. (2024), this bias can be explained by studying the differences
between the backward-looking rate p̃t and forward-looking rate pt . In part, the success of the
deconvolution-based methods is due to the fact that they target the true foward-looking rate
pt , although it is challenging to precisely characterize the resulting improvement in bias for
these methods. Of course, another significant component of their success is the regularization
employed, which improves variance.

Interestingly, these forward- and backward-looking perspectives are mirrored in the liter-
ature on reproduction numbers, a central quantity in computational epidemiology. In broad
terms, reproduction numbers convey the average number of secondary infections that will be
produced from a single primary infection. Fraser (2007) uses the name “case reproduction
number” for the forward perspective, measuring the effect of an infection at time t on fu-
ture infections. In contrast, the “instantaneous reproduction number,” often denoted as Rt , is
based on the backward perspective using secondary infections occurring at t due to primary
infections that happened in the past. As with severity rates, the case and instantaneous re-
production numbers are equivalent under local stationarity. Most methods that estimate Rt in
real-time target the instantaneous reproduction number (Bettencourt and Ribeiro (2008), Cori
et al. (2013), Parag (2021)). Recent work by Liu et al. (2024) proposes estimating instanta-
neous Rt in retrospect with trend filtering. This method could be adapted to the real-time
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setting using our additional regularization techniques. In addition, future work on Rt could
estimate case reproduction numbers in real time, using insights from our work on forward-
looking severity rates. Case reproduction numbers may be more desirable as estimands than
their instantaneous counterparts: they describe future dynamics of an epidemic in the most
direct and intuitive way.

We close by mentioning several avenues for future work. A key component in practice is
the delay distribution, whose misspecification can lead to degradation in performance. With-
out high-quality line list data, obtaining an accurate plug-in estimate is challenging. Jointly
estimating this distribution along with the severity rates themselves would evade this chal-
lenge, posing an open methodological challenge. Li et al. (2023b) examine a joint estimation
strategy for a different but broadly related deconvolution problem, based on the expectation-
maximization (EM) algorithm. It would be interesting to study an analogous approach in our
problem setting.

Another interesting direction would be to estimate severity rates disaggregated by differ-
ent demographic groups, for example, severity rates for different age brackets. Conceivably,
this could be done with the same primary or secondary event data (not requiring counts per
demographic group) by employing a cohort-based model. This would feature a common set
of severity rate curves (per demographic group) across all regions and would then mix by
known demographic proportions in each region to explain the effective severity rate in that
region.

To our knowledge, no analogous Bayesian methods exist for the general class of severity
rates we consider. However, a Bayesian formulation is a natural direction for future work,
where prior specification could serve as an alternative regularization mechanism. Bayesian
methods have been developed for related epidemiological quantities, including growth rates
(Guzmán-Rincón et al. (2023)) and reproduction numbers (Cori et al. (2013)). In addition,
several Bayesian works on compartmental models (Flaxman et al. (2020), Gibson, Reich and
Sheldon (2023), Korolev (2021)) place a prior on the IFR and recover a posterior distribution.
It would be interesting to compare these IFR estimates to our frequentist framework’s, after
first deconvolving estimates of latent infection counts.

A final direction would be to produce confidence intervals for severity rates obtained us-
ing deconvolution and trend filtering penalties. In general, developing rigorous inferential
tools on top of trend filtering remains a challenge, but promising recent developments in data
fission/thinning (Leiner et al. (2025), Dharamshi et al. (2025)) suggest there may be a path
forward.

Significance statement. Public health authorities use severity rates to track the deadli-
ness of a disease over the course of an epidemic. Typically, metrics like the case fatality are
estimated by dividing the number of new deaths by the number of recently reported infec-
tions. However, recent work reveals that this simple calculation can be seriously misleading,
which poses large problems for decision-making during epidemics. When severity rates are
underestimated, officials can miss genuine rises in risk and postpone critical interventions
and thus more people in harm’s way. Conversely, when these metrics are overestimated, au-
thorities may enact needless restrictions and stoke undue public fear, wasting resources and
eroding trust.

To address this, we propose methods to estimate time-varying severity rates, both in retro-
spect and real time. Our methods maximize a novel characterization of the likelihood, decon-
volving the time series of severity rates that relate primary and secondary events (e.g., cases
and deaths). The likelihood is regularized by a trend filtering penalty, which fits piecewise
polynomials with adaptively selected knots in order to balance smoothness with strong local
adaptivity.
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On a range of experiments, our methods consistently outperform the two leading bench-
marks, reducing mean absolute error by roughly 15% and 55%. Moreover, they exhibit
stronger qualitative behavior, with both smoother fits and less bias. These results support our
class of estimators as a promising new approach to track public health risks as they unfold.
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APPENDIX A: PROOF OF PROPOSITION 2.1

For the sake of clarity, this proof assumes the maximal secondary event time is d time
steps after a primary event. However, this constraint is not necessary for the argument. By
definition, µt =

∑d
k=0Xt−kπ

(t−k)
k pt−k and µt+1 =

∑d
k=0Xt+1−kπ

(t+1−k)
k pt+1−k. The first

step is to bound the covariance:

(1) Cov(Yt, Yt+1 |Xs≤t+1) = E[YtYt+1 |Xs≤t+1]− µtµt+1.

Define the Bernoulli random variable D(i)
s,t as the indicator that the ith individual with primary

event at time s has secondary event at time t. With this notation,

(2) Yt =

d∑
k=0

Xt−k∑
i=1

D
(i)
t−k,t, and Yt+1 =

d∑
ℓ=0

Xt+1−ℓ∑
j=1

D
(j)
t+1−ℓ,t+1.

Now partition the cross-terms of E[YtYt+1 |Xs≤t+1] into three pieces:

E[YtYt+1 |Xs≤t+1] = E
[Xt−d∑

i=1

D
(i)
t−d,t ·

d∑
ℓ=0

Xt+1−ℓ∑
j=1

D
(j)
t+1−ℓ,t+1

]
(3)

+E
[ d∑
k=0

Xt−k∑
i=1

D
(i)
t−k,t ·

Xt+1∑
j=1

D
(j)
t+1,t+1

]
(4)

+E
[ d−1∑
k=0

Xt−k∑
i=1

D
(i)
t−k,t ·

d∑
ℓ=1

Xt+1−ℓ∑
j=1

D
(j)
t+1−ℓ,t+1

]
(5)

=
(
Xt−dπ

(t−d)
d pt−d

)
µt+1 +

(
Xt+1π

(t+1)
0 pt+1

)
µt(6)

+E
[ d−1∑
k=0

Xt−k∑
i=1

D
(i)
t−k,t(7)

·
( ∑

ℓ̸=k+1

Xt+1−ℓ∑
i=1

D
(i)
t+1−ℓ,t+1 +

Xt−k∑
j=1

D
(j)
t−k,t+1

)]
.(8)
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The term on the final line may be further split into pieces, rewritten as:

d−1∑
k=0

Xt−kπ
(t−k)
k pt−k

∑
ℓ̸=k+1

Xt+1−ℓπ
(t+1)
ℓ pt+1−ℓ +E

[ d−1∑
k=0

Xt−k∑
i=1

D
(i)
t−k,t ·

Xt−k∑
j=1

D
(j)
t−k,t+1

](9)

=

d−1∑
k=0

Xt−kπ
(t−k)
k pt−k

∑
ℓ̸=k+1

Xt+1−ℓπ
(t+1)
ℓ pt+1−ℓ

(10)

+

d−1∑
k=0

Xt−k∑
i=1

E
[
D

(i)
t−k,t

∑
j ̸=i

D
(i)
t−k,t+1

]
+

d−1∑
k=0

Xt−k∑
i=1

E
[
D

(i)
t−k,tD

(i)
t−k,t+1︸ ︷︷ ︸

mutually exclusive

](11)

=

d−1∑
k=0

Xt−kπ
(t−k)
k pt−k

( ∑
ℓ̸=k+1

Xt+1−ℓπ
(t+1−ℓ)
ℓ pt+1−ℓ + (Xt−k − 1)π

(t−k)
k+1 pt−k

)(12)

=

d−1∑
k=0

d−1∑
ℓ=0

(
Xt−kπ

(t−k)
k pt−k

)(
Xt−ℓπ

(t−ℓ)
ℓ+1 pt−ℓ

)
−

d−1∑
k=0

Xt−k

(
π
(t−k)
k π

(t−k)
k+1

)
p2t−k.

(13)

So putting all parts together,

E[YtYt+1 |Xs≤t+1] =
(
Xt−dπ

(t−d)
d pt−d

)
µt+1 +

(
Xt+1π

(t+1)
0 pt+1

)
(14)

+

d−1∑
k=0

d−1∑
ℓ=0

(
Xt−kπ

(t−k)
k pt−k

)(
Xt−ℓπ

(t−ℓ)
ℓ+1 pt−ℓ

)
(15)

−
d−1∑
k=0

Xt−k

(
π
(t−k)
k π

(t−k)
k+1

)
p2t−k(16)

=

( d∑
k=0

Xt−kπ
(t−k)
k pt−k

)
︸ ︷︷ ︸

µt

( d∑
ℓ=0

Xt+1−ℓπ
(t+1−ℓ)
ℓ pt+1−ℓ

)
︸ ︷︷ ︸

µt+1

(17)

−
d−1∑
k=0

Xt−k

(
π
(t−k)
k π

(t−k)
k+1

)
p2t−k,(18)

and therefore,
(19)

Cov(Yt, Yt+1 |Xs≤t+1) = E[YtYt+1 |Xs≤t+1]− µtµt+1 =−
d−1∑
k=0

Xt−k

(
π
(t−k)
k π

(t−k)
k+1

)
p2t−k.

We can see that the correlation clearly must be nonpositive. To lower bound the correlation,
assume equal (conditional) variances at times t and t+ 1. Then

Cor(Yt, Yt+1 |Xs≤t) =
Cov(Yt, Yt+1 |Xs≤t)

Var(Yt |Xs≤t)
(20)
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=−
∑d−1

k=0Xt−kπ
(t−k)
k π

(t−k)
k+1 p2t−k∑d

k=0Xt−kπ
(t−k)
k pt−k(1− π

(t−k)
k pt−k)

(21)

≥−
(maxk≥0 π

(t−k)
k pt−k)

∑d−1
k=0Xt−kπ

(t−k)
k pt−k

(1−maxk≥0 π
(t−k)
k pt−k)

∑d−1
k=0Xt−kπ

(t−k)
k pt−k

(22)

=−
maxk≥0 π

(t−k)
k pt−k

1−maxk≥0 π
(t−k)
k pt−k

.(23)

APPENDIX B: GAUSSIAN DECONVOLUTION FILTERING

The Gaussian approximation is an alternative to the Poisson approximation to the Poisson-
binomial. It uses a mean µt and variance σ2

t as defined in equations (7) and (8) of the main
text, respectively. With the Gaussian log likelihood in place of the Poisson log likelihood, the
retrospective optimization problem (16) of the main text becomes

(24) minimize
0⪯p⪯1

∑
t

[(
log σ̂2

t (p)+
1

σ̂2
t (p)

(
Yt−

d∑
k=0

Xt−kπ̂
(t−k)
k pt−k

)2]
+λ∥D(m+1)p∥1,

where σ̂2
t (p) =

∑∞
k=0Xt−kπ̂

(t−k)
k pt−k(1− π

(t−k)
k pt−k). The above is a nonconvex problem,

hence to simplify computation, we drop the log term and approximate σ̂2
t (p) by an estimate

µ̂t of the mean, motivated by the fact that in our problem setting, σ2
t is close to µt (recall the

discussion in Section 2.1 of the main text). The estimate µ̂t can be obtained by nonparametric
smoothing of the secondary event time series Yt, and can therefore be treated as fixed (not
depending on p) in the optimization. This results in

(25) minimize
0⪯p⪯1

∑
t

1

µ̂t

(
Yt −

d∑
k=0

Xt−kπ̂
(t−k)
k pt−k

)2

+ λ∥D(m+1)p∥1,

for the Gaussian retrospective deconvolution estimator. The real-time estimator is defined
similarly, simply appending the additional regularization terms as in equation (19) of the
main text.

In experiments not shown, we found that the Gaussian model for deconvolution performed
similarly but marginally worse than the Poisson model. With constant order (m = 0), the
average performance was nearly as strong as that of the Poisson model. However, it was
somewhat worse on higher orders, especially in the real-time case. We did not find significant
gaps in performance when analyzing by region population. Finally, Gaussian deconvolution
was not hindered by its use of the plug-in estimate µ̂t of the variance. We also ran experiments
with the true (fixed) variance was used in lieu of µ̂t, and the performance was very similar.

APPENDIX C: DERIVATION OF λmax

Consider first the general optimization problem, for a differentiable convex loss ℓ, matrix
D, and norm ∥ · ∥,

(26) minimize
θ

ℓ(θ) + λ∥Dθ∥.

The first-order optimality conditions determining a solution θ̂ are

(27) −∇ℓ(θ̂) = λDTv, where v ∈ ∂∥Dθ̂∥,
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where ∇ℓ(θ) denotes the gradient of ℓ at θ, and ∂∥Dθ̂∥ denotes the subdifferential (the set
of subgradients) of ∥ · ∥ at Dθ̂. Suppose that

(28) λ≥min
{
∥(DT)+∇ℓ(θ) + η∥∗ : θ ∈ null(D), η ∈ row(D)

}
︸ ︷︷ ︸

λmax

,

where null(D) denotes the null space of D, row(D) denotes the row space of D, (DT)+

denotes the generalized inverse of DT, and ∥ · ∥∗ denotes the dual norm to ∥ · ∥. If θ̂, η̂
denotes a solution to the above minimization determining λmax, then

(29) v =
−(DT)+∇ℓ(θ̂) + η̂

λ

is a valid subgradient of ∥ · ∥ at Dθ̂ = 0, because ∥v∥∗ = ∥(DT)+∇ℓ(θ̂) + η̂∥∗/λ≤ 1 (note
the subdifferential of ∥ · ∥ at 0 is precisely the unit ball in the dual norm, centered at the
origin). In other words, the pair θ̂, v solves the first-order conditions (27) and θ̂ solves (26).

We now inspect λmax as defined in (28) for the Poisson linear inverse problem (16) of the
main text. Write A for the linear operator such that

(30) (Ap)t =

d∑
k=0

Xt−kπ̂
(t−k)
k pt−k,

and Y for the vector of secondary event counts. Then the Poisson linear inverse loss can be
expressed as

(31) ℓ(p) = 1TAp− Y T log(Ap),

where 1 denotes the vector of all 1s, and log(Ap) is interpreted as elementwise application
of log. Hence

(32) ∇ℓ(p) =AT(1− Y/Ap),

where Y/Ap is interpreted as elementwise division. Abbreviating D =D(m+1), this matrix
always will always be full row rank, and thus (DT)+ = (DDT)−1DT. Then, with ∥·∥= ∥·∥1
and ∥ · ∥∗ = ∥ · ∥∞, note that
(33)
λmax =min

{
∥(DDT)−1DTAT(1− Y/Ap) + η∥∞ : p ∈ null(D), η ∈ row(D), 0⪯ p⪯ 1

}
.

Setting η = 0 and p=Bα, where B is a matrix whose columns span null(D)—which for the
trend filtering penalty matrix is the space of polynomials of degree m—we obtain a simpler
upper bound

(34) λmax ≤min
{
∥(DDT)−1DTAT(1− Y/ABα)∥∞ : 0⪯Bα⪯ 1

}
.

This reduces to rational optimization (sum of ratio of polynomials), since we can equivalently
write it as

(35) λmax ≤min

{
max

s

∣∣∣∣∑
t

[(DDT)−1DTAT]st

(
1− Yt∑d

k=0Xt−kπ̂
(t−k)
k g(t− k)

)∣∣∣∣ :
g is a degree m polynomial with 0≤ g ≤ 1

}
.
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In principle, this upper bound should be computable to arbitrary accuracy using SDP relax-
ation techniques (Lasserre et al., 2021), though this is likely to be difficult in practice. Instead,
we can rewrite (34) once more as a min-max problem,

(36) λmax ≤ min
0⪯Bα⪯1

max
∥u∥1≤1

uT(DDT)−1DTAT(1− Y/ABα),

and then use alternating optimization to approximate the solution. That is, we iteratively take
a (projected) gradient step with respect to α, and perform exact minimization over u (which is
easy, since uTx for a fixed vector x is minimized over all ∥u∥1 ≤ 1 by taking u= sign(xi)ei,
where |xi| = ∥x∥∞ and ei is the ith canonical basis vector). Note that after any number of
iterations of alternating minimization, we can take the resulting α and plug this into (34) to
obtain a valid upper bound.

APPENDIX D: FURTHER EXPERIMENTAL DETAILS

D.1. Dispersion and lag calculation. Before estimating the dispersion for our beta-
binomial simulation model, it was necessary to preprocess the real-time JHU data. The raw
data contained many outliers. Often, large numbers of previously unreported counts were
dumped on a certain day. Low outliers were also prevalent, for example on holidays, or in
the use of negative values to revert cumulative totals after accounting for duplicate reports.
To deal with these issues, we preprocessed the data to remove outliers.

First, we replaced missing values with zeros. Next, we identified clear outliers that ex-
ceeded 3 standard deviations from a 6-week rolling mean, replacing them with the mean
itself. We also addressed obvious data dumps: stretches of 3 or more days with no counts,
followed by a nonzero value. We distributed this value backward over the trailing zero-count
days, allocating uniformly with a multinomial sampler. Similarly, we redistributed negative
counts over the entire preceding history, with a multinomial sampler weighted by the counts
themselves. The negative count was then replaced with zero.

We estimated dispersion by fitting a quasi-Poisson regression to the cleaned death counts,
using a 4-week moving average as the mean curve. This regression included day-of-week
indicator variables, to prevent bias due to systematic under- or over-reporting. The quasi-
Poisson fit estimated the dispersion, which we used to simulate deaths. Finally, to compute
the lag between hospitalizations and deaths, we took weekly averages of death counts to
remove day-of-week effects. Then, we computed the cross-correlation function between the
two time series, and identified the lag which maximized this function. To ensure it fell within
a reasonable range, we capped the optimal lag at a minimum of 6 days and a maximum of
35.

D.2. Beta-binomial distribution. Like the Poisson-binomial distribution, the beta-
binomial is supported on integers between 0 and the number of trials. This distribution counts
the number of successes among independent Bernoulli trials whose success probabilities are
drawn from a given beta distribution, whose parameters reflect the amount of overdisper-
sion. For n trials, the beta-binomial distribution is often written as BetaBinom(n,M,ρ),
which is called mean-rho parameterization. Here M ∈ (0,1) is the average probability
of success, and ρ ∈ [0,1) controls the degree of overdispersion. (Another formulation is
BetaBinom(n,α,β), where α,β parameterize the beta distribution; there is a one-to-one re-
lation between the two parameterizations: M = α/(α + β), and ρ = 1/(α + β + 1).) The
distribution BetaBinom(n,M,ρ) has mean µ= nM and variance

(37) σ2 = nM(1−M)[1 + (n− 1)ρ].
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FIG 1. Example misspecified delay distributions, for three states, as we vary the mean (which recall is tied to the
variance), in both retrospective and real-time simulation models.

Rearranging the variance expression reveals

(38) ρ=

(
σ2

nM(1−M)
− 1

)(
1

n− 1

)
.

In our severity rate estimation context, the number of secondary events at each time t is
approximated by a beta-binomial variate. Recall that its mean µt is as in equation (7) of the
main text. The number of trials nt at t is the total primary incidence over the previous d days,
that is, the pool of individuals who may have a secondary event at t. The average success
probability at t is thus

(39) Mt =
µt

nt
=

µt∑d
k=0Xt−k

,

which explains the first expression in equation (22) of the main text. Moreover, given the
Poisson-binomial variance σ2

t in equation (8) of the main text, and a dispersion factor β̂, the
variance of secondary incidence is β̂σ2

t . Plugging this variance into (38) confirms the second
expression in equation (22) of the main text.

D.3. Misspecified delay distributions. Figure 1 displays the misspecified delay dis-
tributions used in our experiments. The solid black line is the original delay distribution,
whereas the colored ones have varying degrees of misspecification. The delay distributions
differ across states, since their means depend on the correlation between primary and sec-
ondary events. We choose to visualize California, Louisiana, and Wyoming as a represen-
tative trio because they are the largest, roughly median, and smallest state by population,
respectively.

APPENDIX E: FURTHER EXPERIMENTAL RESULTS

E.1. Oracle tuning. Table 1 displays the MAE results for retrospective estimation, now
under oracle tuning, where we select the best hyperparameters for each method to minimize
the average MAE (over all regions and replications). The results of deconvolution relative
to the convolutional ratio are even more favorable, compared to those from cross-validation
tuning in Table 1 of the main text.
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TABLE 1
MAE of methods in retrospective HFR estimation, and the associated percentage improvement on the

convolutional ratio (CR) and lagged ratio (LR), under oracle tuning. Compare to Table 1 of the main text.

Lagged Ratio Conv Ratio Deconv-0 Deconv-1 Deconv-2 Deconv-Tuned

MAE × 103 11.4 ± 0.1 8.3 ± 0.1 6.0 ± 0.1 6.4 ± 0.1 6.8 ± 0.1 6.4 ± 0.1
Improv over CR (%) -47.3 ± 0.8 0.0 ± 0.0 22.3 ± 0.6 19.9 ± 0.7 15.4 ± 0.8 18.0 ± 0.7
Improv over LR (%) 0.0 ± 0.0 28.1 ± 0.3 45.0 ± 0.5 42.6 ± 0.6 39.2 ± 0.7 41.6 ± 0.6

Retrospective Real−Time
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FIG 2. Percentage improvement of deconvolution to the convolutional ratio as a function of mean offset in the
misspecified case. Compare to Figure 8 of the main text.

E.2. Misspecified delay distributions. Figure 2 displays the performance relative to the
convolutional ratio for misspecified delay distributions. This is analogous to Figure 8 in the
main text. The results show that the deconvolution approach maintains an advantage over
the convolutional ratio for varying degrees of misspecification, with the exception of large
positive mean offsets in the retrospective case, where this advantage is somewhat erased.

E.3. Tail regularization. Real-time deconvolution relies heavily on the hyperparameter
γ to stabilize predictions at the tail, at least for orders above piecewise constant. Figure 3
displays linear and quadratic deconvolution at fixed λ and 20 values of γ. Piecewise-constant
deconvolution is not shown because its tail is flat by construction, so γ has little effect. The
HFR estimates change significantly as γ ranges geometrically from 0.1 to 100,000. With
close to no tail regularization, the HFRs continue their downward trend to the present date.
In contrast, the largest values of γ flatten the curve entirely, yielding final HFRs around 10%
– double those of the minimum γ. The gap is slightly more pronounced for quadratic trend
filtering, owing to its capacity for more flexible fits.

In general, the sensitivity of deconvolution’s predictions to different values of γ highlights
the importance of tuning it properly, whether by forward validation or heuristic evaluation.
It also accounts for why on average, constant-order deconvolution outperformed quadratic
deconvolution, and to a lesser extent linear. Future work on tuning strategies beyond the min
and 1se rule could further improve these orders’ predictions.

E.4. Runtime. We conducted a runtime experiment to assess the computational cost of
these methods. All five estimators were timed across six values of the number of timesteps
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n ∈ {150,200,300,500,750,964}, where n = 964 corresponds to the full semi-synthetic
dataset described in Section 4 of the main text. Each retrospective estimator was run 20 times
with a single, fixed value of its hyperparameter, over 4 geographic regions (PA, UT, KS, and
the U.S.). Figure 4 displays the results; error bars reflect ±1 standard error computed across
all regions for each (n,method) pair.

The ratio benchmarks are quite fast to run. The lagged ratio is particularly fast: its runtime
remains close to zero even as n scales. The convolutional ratio’s runtime increases modestly
with n, but always stays below 0.2 seconds. The deconvolution estimators exhibit nearly
identical runtimes at the three orders evaluated. They also scale somewhat with sequence
length, though still well under one second per evaluation at the largest n considered.

To roughly adjust these timings to account for tuning, each of the above is multiplied by the
number of folds times the number of hyperparameter values in the tuning grid. Extrapolating
from the figure, tuning the estimators over the full data with K = 5-fold cross-validation
would take the lagged ratio approximately 1 second, the convolutional ratio 5 seconds, and
deconvolution a minute. In total, a complete tuning run for a single estimation date finishes in

Order 1 (Linear) Order 2 (Quadratic)
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FIG 3. Deconvolution HFRs at varying levels of γ, the tail smoothness hyperparameter.
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FIG 4. Wall-clock runtime of retrospective severity estimators. Error bars reflect ±1 standard error across 20
iterations on 4 regions.
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FIG 5. Time-varying delay construction. (a) Per-variant delay PMFs, shared across states. (b) Daily variant
composition per state.

a matter of seconds or minutes, making daily retuning entirely feasible as new observations
arrive. That said, if epidemiological conditions appear stable, practitioners may reasonably
reuse previously selected parameters or search over a coarser grid to reduce overhead further.

E.5. Time-varying delay distributions. The delay distribution between hospitalization
and death has varied considerably over the course of the pandemic, in part driven by changes
in the dominant SARS-CoV-2 variant. To evaluate our method in this setting, we constructed a
time-varying delay distribution as illustrated in Figure 5. Panel (a) shows the four per-variant
delay PMFs, separately for the retrospective and real-time tunings; these are shared across
the four states, an assumption we adopted after observing that some states’ delays barely
varied over time. Panel (b) shows the daily variant composition per state, which determines
the daily mixture weights. The per-variant means were taken from California’s peak cross-
correlation lags for the Original, Alpha, Delta, and Omicron variants (8, 5, 13, and 9 days
respectively in the retrospective case, and 18, 6, 22, and 21 days in the real-time case), with
standard deviation set to 90% of the mean.

We considered both a well-specified setting, in which each method is given the full time-
varying delay, and a misspecified setting, in which each method uses the same stationary
delay used in the rest of the paper’s experiments (i.e., the retrospective or real-time stationary
delay, as applicable). For each of the four states, we ran 10 simulation replicates of each
estimator. Figure 6 summarizes the resulting mean absolute errors.

The relative ranking of estimators in Figure 6 mirrors that of the stationary experiments
reported in the main text. In every panel, the three orders of deconvolution and the convolu-
tional ratio cluster tightly together, while the lagged ratio is the clear worst performer. In ret-
rospective estimation under the well-specified delay, Deconv-0 averages roughly a 16% im-
provement over the convolutional ratio and a 45% improvement over the lagged ratio across
the four states — magnitudes consistent with the stationary retrospective case in Table 1 of
the main text. Under the misspecified retrospective delay, the corresponding improvements
narrow somewhat, to roughly 9% and 23%, but deconvolution retains a clear lead.

Real-time estimation is fundamentally harder than the retrospective case, and the variant-
driven delay transitions visible in Figure 5 place all methods under additional strain. Ac-
cordingly, the relative improvement of deconvolution over the convolutional ratio is more
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FIG 6. Mean absolute error per state and method in the time-varying delay experiment. Error bars reflect ±1
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FIG 7. Retrospective HFR estimates under well-specified time-varying delays. Each estimator’s line is the median
across 10 simulation replicates; the solid black line is the ground truth.

modest in the real-time panels: Deconv-0 averages roughly an 8% improvement under both
the well-specified and misspecified delays, while the lagged ratio remains substantially be-
hind in both. We note in particular that the elevated MAEs observed in Pennsylvania and Utah
under the misspecified real-time setting are borne roughly equally by deconvolution and both
ratio benchmarks, indicating that the additional cost reflects the difficulty of the underlying
setup rather than a specific deficiency of any one estimator.

Within the deconvolution family, the three orders perform comparably, with m = 0
marginally lowest on average. Figure 7 displays the retrospective estimates over time, where
the median curves of all four estimators sit almost on top of one another and on the ground
truth. The one visible exception is Deconv-0 at the shallow HFR dip in spring 2021, where its
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piecewise-constant fit approximates the smooth valley with a single flat step and misses the
trough. This reflects a bias–variance tradeoff: order m = 0 has the lowest variance across
replicates but the most bias at smoothly curving features, while the higher orders bend
through such features at the cost of greater variance. The miss is also localized: Deconv-0
recovers steeper, sustained changes well, including the sharp decline at the end of the Delta
wave. It is the most accurate estimator over the near-constant stretches that dominate the
series, most of which fall outside the plotted window. Because those flat stretches reward
low variance, Deconv-0 marginally attains the lowest overall MAE despite its visible miss in
spring 2021.

Taken together, the time-varying delay experiment supports the broader picture established
in Section 5 of the main text: deconvolution retains its modest but consistent improvement
over the convolutional ratio, and its substantial improvement over the lagged ratio, when the
delay distribution shifts smoothly with the dominant variant. This advantage does narrow
somewhat in the real-time case — particularly when the working delay is also misspecified
— but it does not disappear, and the residual MAE that remains is not borne selectively by
deconvolution. In short, nonstationarity and modest delay misspecification do not erode the
comparative case for deconvolution.

E.6. HFR estimates for all 50 states. Figures 8 and 9 show the retrospective and real-
time HFR estimates, respectively, for all 50 states. As in Figures 5 and 7 in the main text,
deconvolution and the convolutional ratio use the oracle delay distribution, the lagged ratio
uses the oracle lag, and the hyperparameters all are tuned via cross-validation. For the sake
of keeping the visualization simple, we show only constant order (m = 0) trend filtering
regularization in the retrospective case, and quadratic order (m = 2) in the real-time case.
Overall, we see that the deconvolution estimators are more stable than the ratio estimators;
they capture changes in HFR quickly, and for the most part, do not exhibit the same spurious
oscillations.

APPENDIX F: BACKWARD-LOOKING SEVERITY RATES

We provide two connections between the real-time convolutional ratio and the backward-
looking severity rate. Recall the backward-looking severity rate is defined as

(40) p̃t =

d∑
k=0

P(secondary event occurs at t |primary event at t− k) =

d∑
k=0

π
(t−k)
k pt−k,

and the original forward-looking severity rate is

(41) pt =

d∑
k=0

P(secondary event occurs at t+ k |primary event at t) =
d∑

k=0

π
(t)
k pt.

For the sake of simplicity, assume throughout that the delay distributions before t, occur-
ring in any of the summands above, are equal to a constant distribution π. In the real-time
case, using the oracle delay π, the convolutional ratio (using raw, not smoothed counts) has
conditional expectation:

(42) E[p̂t |Xs≤t] =

∑d
k=0Xt−kπkpt−k∑d

k=0Xt−kπk
=

d∑
k=0

Xt−k∑d
j=0Xt−jπj

πkpt−k.

First, assume that primary counts are equal to a constant X0 in the d time points preceding
t. Note that the convolutional ratio reduces to Yt/X0, which is unbiased for the backwards
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FIG 8. Retrospective HFR estimates for all 50 states.
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FIG 9. Real-time HFR estimates for all 50 states.
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rate:

(43) E[p̂t |Xs≤t] =

d∑
k=0

X0∑d
j=0X0πj

πkpt−k =

d∑
j=0

πkpt−k = p̃t.

Instead, assume that severity rates are equal to a constant p0 in the d time points preceding t.
As the delay distributions are constant, this implies

(44) P(secondary event occurs at t |primary event at t− k)

= P(secondary event occurs at t+ k |primary event at t),

for each k = 0, . . . , d. This means that the backward- and forward-looking rates are equiva-
lent, p̃t = pt = p0. Furthermore, the convolutional ratio is unbiased for this common value:

(45) E[p̂t |Xs≤t] =

∑d
k=0Xt−kπkpt−k∑d

k=0Xt−kπk
= p0

∑d
k=0Xt−kπk∑d
k=0Xt−kπk

= p0.
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