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Fig. 2. Power of models with all parameters equal between treatment and comparison groups

The top and bottom plots differ in the baseline effective contact rates: (a) β0,t = β1,t = 0.1, and (b) β0,t = β1,t = 0.115.
Within each plot, left and right panels differ in the scale of effect size: the left plots the effect size as a multiplicative effect
on baseline βd,t, and the right the percentage change in cumulative incidence. Across rows, we vary the population size. We
generated data from an SIR model per Eq. 1. Solid colored lines indicate the average probability of rejecting the null over 1000
simulations. The dashed line indicates a significance level of 0.05.
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Fig. 3. Power of models with baseline effective contact rate in treated units to be 10% greater than that of untreated units

The top and bottom plots differ in the scale of effect size: (a) β0,t = 0.1, β1,t = 0.11, and (b) β0,t = 0.115, β1,t = 0.1265. The
left and right panels differ in the scale of effect size: the left plots the effect size as a multiplicative effect on baseline βd,t, and
the right the percentage change in cumulative incidence. Across rows, we vary the population size. We generated data from an
SIR model per Eq. 1. The solid colored line indicates the average probability of rejecting the null over 1000 simulations in
the βt model. Points at δ = 1 indicate the failure to control type I errors in all other models. The dashed line indicates a
significance level of 0.05.
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increase in cases (an additional 45 cases per 1000 students and
staff) associated with the removal of school mask mandates.

We extended this analysis with log incidence and log
growth specifications. We did not estimate effective repro-
duction number and effective contact rate estimates because
the these are not typically estimated for subpopulations or
below the county-level (22, 31).

Re-analysis methods. We applied the authors’ DiD approach
to incidence, log incidence, and log growth models, which is
similar to the specification in Estimation, but accounts for
staggered treatment roll-out by estimating and averaging
group-time average treatment effects (AT T (g, t)), where
groups are defined based on time of treatment. We first
replicated their specification using the Callaway & Sant’Anna
estimator (26), with results presented in Supplement Table A2.
As log incidence and log growth specifications do not allow
zero outcomes, we implemented these with Poisson regression,
first using the Callaway & Sant’Anna estimator and then
a similar alternative by Sun and Abraham (27), that more
straightforwardly supports inference with Poisson regression.
For both, we present the average over all AT T (g, t). We then
calculated AMEs for log incidence and log growth treatment
effects.

Re-analysis results. Figure A1 plots district-level COVID-19
cases per 1000 over the study period. Using the Callaway
& Sant’Anna estimator, we replicated the authors’ original
findings, with an estimated 46 additional cases per 1000
students and staff (Figure A2). With the Sun & Abraham
estimator, there was similarly an increase of 48 cases per 1000
students and staff (95% CI: 40, 57) (Table 2).

Figure A1 suggests that clusters do not have the same
initial levels. Over the full study period, estimated treatment
effects declined with a log incidence specification to 13 (95%
CI: -31, 47) cases per 1000 students and staff (Table 2). The
point estimate in the log growth specification was near 0,
but highly uncertain; we could not rule out differences up
to 120 cases per 1000 students and staff. However, with a
shorter post-intervention horizon, both the incidence and
the log incidence specifications detected a statistically and
practically significant increase of 7-9 cases per 1000 students
and staff over 5 weeks following the lifting of school mask
mandates, with an effect of similar magnitude (but more
uncertainty) in the log growth specification.

Kansas mask mandates.

Background. On July 3, 2020, Kansas adopted an executive
order requiring face masks in most indoor and outdoor public
places. As this was initially only adopted by 15 counties (32),
JAMA Network Open published a DiD analysis evaluating the
effect of county-level mask mandate adoption on daily COVID-
19 rates (33). The authors used incidence specifications,
where the 7-day moving average of COVID-19 cases per
100,000 was used as the outcome variable, and the policy was
evaluated at 21 days after the executive order was effective
(i.e., July 24, 2020 was the intervention time) to account
gradual uptake and the lagged impact of behavior on cases.
The authors found a statistically and practically significant
reduction in COVID-19 cases (-20 cases per 100,000 with 95%
CI: -27 to -14) following the executive order.

Re-analysis methods. We first replicated the authors’ original
specification with small modifications:

Yd,t = α + ηd + τt+
δ (TreatedCountyd × PostTreatmentt) + ϵd,t,

where the outcome Yd,t was the county-level number of
cases per 100,000 population (i.e., an incidence model), and
the remaining variables and coefficients were defined as in
Estimation. In our re-analysis, we aggregated data to
the week-level and excluded counties with zero reported
COVID-19 cases prior to the announcement of mask mandates.
We also excluded covariates (an indicator for no reported
cases and the number of days since the first recorded case
in the county) to avoid recent methodological concerns
about verifying the parallel trends assumption conditional on
covariates (34).

We then re-analyzed the Kansas mask mandate example
with the other four specifications. For log Rt and log βt

models, we obtained county-level data on Rt from COVIDes-
tim nowcasting (31) and translated this to βt by dividing
Rt by the estimated susceptible fraction as illustrated in
Proposition 6. We used estimated the susceptible fraction
using cumulative infections from COVIDestim nowcasting
(31) and each county’s 2019 population data from the Census
Bureau (35) to impute susceptible fractions. For AMEs with
log(Rt) and log(βt), we used an SEIR model, parameterizing
for COVID-19, with an average of 5 days of infectiousness
and a 3-day incubation period (36).

Re-analysis results. Our treatment effect estimate using a
slightly modified incidence model was −22 cases per 100,000
(95% CI: −28 to −15), very similar to the original estimate
(-20 cases per 100,000 with 95% CI: -27 to -14).

Table 2 summarizes the estimated treatment effects and
average marginal effects obtained using all five specifications.
We observed a similar treatment effect in the log incidence
specification compared to the incidence specification. Effects
were smaller and insignificant for log growth and log Rt

specifications. However, in this application, many counties
experienced considerable susceptible depletion (e.g., the
estimated susceptible fraction dropped by 40% in Nemaha
and 43% in Norton over the study period), a potential threat
to the validity of log growth and log Rt models. By contrast,
the log βt specification produced a significant treatment effect
at 90% confidence level, with an average marginal effect of
-11 cases per 100,000.

Discussion

DiD is a popular method for observational causal inference
in health policy. This arises in part from its flexibility:
DiD allows researchers to estimate treatment effects, even
absent comparison groups that exactly match the treatment
group. DiD is traditionally agnostic as to why treatment and
comparison groups differ in level but are believed to have
matching trends (11). However, by synthesizing DiD with
a mechanistic model for infectious disease transmission, we
showed how context-specific theory informs interpretation of
the parallel trends assumption.

Assuming an underlying SIR framework, our paper first
formalized the epidemiological conditions under which the
parallel trends assumption holds for the three common model
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Table 2. Results from re-analyzing the effect of face mask policies in empirical examples

Study Length of post- Outcome Treatment effect1 Average marginal
intervention periods specification (95% CI) effect2 (95% CI)

Incidence 8.6∗ (5.7, 11.5) 8.6∗ (5.7, 11.5)
Removing school 5 weeks Log incidence 1.62∗ (1.26, 2.09) 6.9∗ (1.8, 10.8)
mask mandates Log growth 0.97 (0.77, 1.22) 8.6 (−10.9, 16.6)

in Massachusetts 4 Incidence 48.1∗ (38.9, 57.1) 48.1∗ (38.9, 57.1)
15 weeks Log incidence 1.19 (0.90, 1.57) 13.0 (−31.3, 47.1)

Log growth 0.89 (0.70, 1.13) −71.4 (−3036.0, 120.5)

Incidence −21.6∗ (−28.3, −14.8) −21.6∗ (−28.3, −14.8)
Mask mandates Log incidence 0.33∗ (0.22, 0.59) −55.1∗ (−101.2, −19.1)

in Kansas counties 5 19 weeks Log growth 0.96 (0.74, 1.25) −9.5 (−2139.8, 25.3)
Log Rt 0.97 (0.90, 1.05) −6.1 (−22.2, 8.3)
Log βt 0.95† (0.86, 1.01) −10.8† (−36.0, 2.6)

1 Treatment effect refers to the point estimate in coefficients obtained from OLS (incidence model) or average relative risk per unit from Poisson
regression (other four models)
2 Average treatment effects are imputed as described in Section Average marginal effects and Appendix E. AMEs for log Rt and log βt models
are calculated assuming an SEIR transmission process per Section F
* represents significance at α = 0.05
† represents significance at α = 0.10

specifications in the COVID-19 literature: incidence, log
incidence, and log growth. Although modeling incidence
was popular in the COVID-19 medical and health policy
literature (Appendix A), this approach requires identical
data-generating processes between all treated and comparison
units, as others have previously noted (4). Modeling log
incidence allows for different numbers of initial infections but
still requires equal effective contact rates and an “infinite
susceptible population” assumption. Nevertheless, because
we found incidence and log incidence specifications to have
very similar power, we recommend that researchers default
to the latter, binning data or applying Poisson regression if
there are zero-valued outcomes (37). By contrast, although
log growth specifications allow for more flexibility, they comes
with a significant power cost.

We argued that the log growth specification approximates
assuming parallel trends in the effective contact rate (e.g.,
assuming similar behavior but different vaccination rates
across units). Both modeling log growth and the log of
effective reproduction number (a similar but higher power
alternative) may produce biased estimates in the context
of susceptible depletion. Our most robust alternative is
therefore modeling the log of effective contact rate (βt)
directly. We showed that this approach has higher power
than modeling log growth, performs well under more flexible
assumptions, and can be estimated with zero-valued outcomes
using Poisson regression. We also demonstrated that this
can be applied to more diverse and complex underlying
transmission processes. As a result, our work provides a useful
bridge between post-hoc policy evaluation and prospective
transmission dynamic models that serve as a backbone of
infectious disease epidemiology.

Last, we apply different model specifications to previously
published examples, highlighting trade-offs between bias and
power and emphasizing the importance of evaluating and
discussing the plausibility of assumptions required for a
chosen specification.

This work has several limitations. First, even our
most robust specifications may not be plausible in practice.
Nevertheless, our approach allows for more flexibility than
many proposed alternatives. For example, Callaway and Li
(4) proposed an alternative estimator in the context of early
COVID-19 that assumed unconfoundedness after conditioning
on all pre-treatment period outcomes. This method performs
well in the early stages of an epidemic when conditions
across units in both groups are similar. However, it may
be challenging to find exact matching units over the full
epidemic history, especially when the effective contact rate
is time-varying due to shifting precautionary behaviors or
vaccination rates. Relatedly, although our approach can
be extended to a wide array of models, we do not consider
the implications of spillovers, which may obscure treatment
effects.

Second, estimating the effective reproduction number and
the effective contact rate can be challenging in practice. Many
past studies (e.g., O’Driscoll et al. (20), Gostic (22)) have
discussed challenges and proposed approaches for translating
observed cases and deaths into estimates of infections and
the effective reproduction number, which would be valuable
when applying our methods. Last, our results highlight that
in many cases, policy evaluations may be underpowered to
detect effects of substantive interest. Future efforts could
take a decision-analytic approach to integrate the results of
policy evaluations with costs and benefits of implementing
different model specifications.

Overall, our work provides a framework for integrating
transmission dynamics into DiD and proposes novel methods
to support rigorous evaluation of infectious disease policies.
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A. Literature Review
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B. Proofs

Proposition 1 (Expected incidence). Assuming an SIR data-generating process (Eq. 1) with initial conditions {Sd,0, Id,0, Rd,0}, expected
incidence at time t+ 1 can be written as:

E
[
I∗

d,t+1
]

=
βd,t

N

(
Sd,0 +

(1 − γ)
βd,t−1

)
E
[
I∗

d,t

]
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[
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d,t

]
−
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∗
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.

Proof. Given {Id,0, Sd,0, Rd,0}, constant generation interval 1
γ

, and effective contact rates (βd,t), we have per Eq. 1:

Sd,t = St−1 − I∗
d,t = Sd,0 −
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Proposition 2 (Expected incidence (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1), with initial
conditions {S0, I0, R0}, for t ≥ 1,

lim
Sd,0→∞

E
[
I∗

d,t+1
]

= βd,t

t−1∏
k=0

(
1 − γ + βd,k

)
Id,0

Proof. We prove Proposition 2 by induction. For explication, we write I∗
d,t = βd,t−1Id,t−1

Sd,t−1
N

+ ϵt, where E [ϵt] = 0 because

I∗
d,t ∼ Pois

(
βd,t−1Id,t−1

Sd,t−1
N

)
. Population size N is assumed constant (Eq. 1) over time, with N = Sd,0 + Id,0 +Rd,0 for all t.

Base case (t = 1):
We first take the expectation of Id,1:

E

[
lim

Sd,0→∞
Id,t+1

]
= E

[
lim

Sd,0→∞
(1 − γ)I0 + βd,0Id,0

Sd,0
N

+ ϵd,1

]
Noting that lim

Sd,0→∞

Sd,0
N

= lim
Sd,0→∞

Sd,0
Sd,0 + Id,0 +Rd,0

= 1 and E[ϵd,1] = 0 −→

= (1 − γ + βd,0)Id,0

We then take the expectation of incidence at time t+ 1 = 2:

E

[
lim

Sd,0→∞
I∗

d,t+1

]
= E

[
lim

Sd,0→∞
I∗

d,2

]
Substituting in from Eq. 1 −→

= E

[
lim

Sd,0→∞
βd,1Id,1

Sd,1
N

+ ϵd,2

]
Noting that E[ϵd,2] = 0 −→

= βd,1E

[
lim

Sd,0→∞
Id,1

Sd,1
N

]
Substituting in from Eq. 1 −→

= βd,1E

[
lim

Sd,0→∞

(
(1 − γ)Id,0 + βd,0Id,0

Sd,0
N

+ ϵd,1

)(
Sd,0 − βd,0Id,0

Sd,0
N

− ϵd,1

N

)]
Rearranging the limit of products as a product of limits because both are finite −→

= βd,1E

[
lim

Sd,0→∞

(
(1 − γ)Id,0 + βd,0Id,0

Sd,0
N

+ ϵd,1

)
lim

Sd,0→∞

(
Sd,0
N

−
βd,0Id,0Sd,0

N2 −
ϵd,1
N

)]
Noting that lim

Sd,0→∞

Sd,0
N

= lim
Sd,0→∞

Sd,0
Sd,0 + Id,0 +Rd,0

= 1 and E[ϵd,1] = 0 −→

= βd,1

(
(1 − γ)Id,0 + βd,0Id,0

)
= βd,1

(
1 − γ + βd,0

)
Id,0 = βd,1E

[
lim

Sd,0→∞
Id,1

]

Induction step: Assume that:

E

[
lim

Sd,0→∞
I∗

d,t

]
= βd,t−1E

[
lim

Sd,0→∞
Id,t−1

]
= βd,t−1

t−2∏
k=0

(
1 − γ + βd,k

)
Id,0

We will show that this implies that the same holds for the next time step, i.e.,

E

[
lim

Sd,0→∞
I∗

d,t+1

]
= βd,tE

[
lim

Sd,0→∞
Id,t

]
= βd,t

t−1∏
k=0

(
1 − γ + βd,k

)
Id,0
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We have:

E

[
lim

Sd,0→∞
I∗

d,t+1

]
= E

[
lim

Sd,0→∞
βd,tId,t

Sd,t

N
+ ϵd,t+1

]
Substituting in E[ϵd,t+1] = 0 −→

= βd,tE

[
lim

Sd,0→∞
Id,t

Sd,t

N

]
Substituting in from Eq. 1 −→

= βd,tE

[
lim

Sd,0→∞

(
(1 − γ)Id,t−1 + I∗

d,t

)(Sd,t−1 − I∗
d,t

N

)]
Rearranging the limit of products as a product of limits because both are finite −→

= βd,tE

[
lim

Sd,0→∞

(
(1 − γ)Id,t−1 + I∗

d,t

)
lim

Sd,0→∞

(
Sd,0
N

−

∑t−1
j=1 βd,jId,jSd,j

N2 −
ϵd,j

N

)]
Noting lim

Sd,0→∞

Sd,0
N

= 1, E[ϵd,j ] = 0 ∀j −→

= βd,tE

[
lim

Sd,0→∞

(
(1 − γ)Id,t−1 + I∗

d,t

)]
Applying (1) and lim

Sd,0→∞
E
[
I∗

d,t

]
= lim

Sd,0→∞
βd,t−1E

[
Id,t−1

]
−→

= lim
Sd,0→∞

βd,t

(
1 − γ + βd,t−1

)
E
[
Id,t−1

]
Applying that lim

Sd,0→∞
βt−1E [It−1] = βd,t−1

t−2∏
k=0

(
1 − γ + βd,k

)
Id,0 −→

= βd,t

t−1∏
k=0

(
1 − γ + βd,k

)
Id,0

This completes the induction step.

Last, note that the dominated convergence theorem allows us to exchange limit and expectation because for all Sd,0, I∗
d,t(Sd,0)

is stochastically dominated by I∗
d,t

′ ∼ Pois
(
βd,t−1

∏t−2
k=0

(
1 − γ + βd,k

)
Id,0
)

(i.e., I∗
d,t

′ from in a modified SIR process in which
I∗

d,t
′ ∼ Pois(βd,t−1It−1)) over all d, t.

Proposition 3 (Parallel trends: Incidence (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1) and
an incidence model specification

(
Yd,t = I∗

d,t, g(y) = y
)

, the “infinite susceptible population” parallel trends assumption (Eq. 3) holds
between t1 and t2 under the following conditions:

lim
S1,0→∞

(
E [Y1,t2 (0)] − E [Y1,t1 (0)]

)
=

lim
S0,0→∞

(
E [Y0,t2 (0)] − E [Y0,t1 (0)]

)
⇐⇒

E
[
I∗

1,t1

] (
β∗

1,t1,t2 − 1
)

= E
[
I∗

0,t1

] (
β∗

0,t1,t2 − 1
)
,

where E
[
I∗

0,t1

]
= Id,0βd,t1−1

t1−2∏
k=0

(
1 − γ + βd,k

)
,

β∗
d,t1,t2 =

βd,t2−1
βd,t1−1

t2−2∏
k=t1−1

(
1 − γ + βd,k

)
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Proof. For t1, t2 ≥ 2 and d ∈ {0, 1}, we have:

lim
Sd,0→∞

(
E
[
Yd,t2 (0)

]
− E
[
Yd,t1 (0)

])
Substituting from Proposition 2 −→

=βd,t2−1

t2−2∏
k=0

(
1 − γ + βd,k

)
Id,0 − βd,t1−1

t1−2∏
k=0

(
1 − γ + βd,k

)
Id,0

Rearranging terms −→

=Id,0

t1−2∏
k=0

(
1 − γ + βd,k

)(
βd,t2−1

t2−2∏
k=t1−1

(
1 − γ + βd,k

)
− βd,t1−1

)
Collecting terms −→

=β∗
d,0,t1Id,0

(
β∗

d,t1,t2 − 1
)
,

where β∗
d,0,t1 =βd,t1−1

t1−2∏
k=0

(
1 − γ + βd,k

)
, β∗

d,t1,t2 =
βd,t2−1
βd,t1−1

t2−2∏
k=t1−1

(
1 − γ + βd,k

)
Substituting the above expression into the parallel trends condition, we obtain ‖:

LHS = lim
S1,0→∞

E [Y1,t2 (0) − Y1,t1 (0)] = β∗
1,0,t1I1,0

(
β∗

1,t1,t2 − 1
)
, and

RHS = lim
S0,0→∞

E [Y0,t2 (0) − Y0,t1 (0)] = β∗
0,0,t1I0,0

(
β∗

0,t1,t2 − 1
)

Proposition 4 (Parallel trends: Log incidence (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1) and
a log incidence model specification

(
Yd,t = I∗

d,t, g(·) = log(·)
)

, the “infinite susceptible population” parallel trends assumption (Eq. 3)
holds between t1 and t2 under the following conditions:

lim
S1,0→∞

log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)]) = lim
S0,0→∞

log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)]) ⇐⇒

β∗
1,t1,t2 = β∗

0,t1,t2 ,

where β∗
d,t1,t2 =

βd,t2−1
βd,t1−1

t2−2∏
k=t1−1

(
1 − γ + βd,k

)
Proof. For t1, t2 ≥ 2 and d ∈ {0, 1}, we expand as follows:

lim
Sd,0→∞

log
(
E
[
Yd,t2 (0)

])
− log

(
E
[
Yd,t1 (0)

])
Substituting in from Proposition 1 −→

= log

(
βd,t2−1

t2−2∏
k=0

(
1 − γ + βd,k

)
Id,0

)
− log

(
βd,t1−1

t1−2∏
k=0

(
1 − γ + βd,k

)
Id,0

)
Dividing out common terms −→

= log

(
βd,t2−1
βd,t1−1

t2−2∏
k=t1−1

(
1 − γ + βd,k

))
= log

(
β∗

d,t1,t2

)
Therefore, the “infinite susceptible population” parallel trends assumption (Eq. 3) holds if and only if

lim
S1,0→∞

log (E [Y1,t2 ]) − log (E [Y1,t1 ]) = lim
S0,0→∞

log (E [Y0,t2 ]) − log (E [Y0,t1 ]) ⇐⇒

log
(
β∗

1,t1,t2

)
= log

(
β∗

0,t1,t2

)
⇐⇒

β∗
1,t1,t2 = β∗

0,t1,t2

‖Note that in the special case of constant exponential growth, Yd,t = Id,0βt , this condition reduces to Y1,t1

(
βt2−t1 − 1

)
= Y0,t1

(
βt2−t1 − 1

)
.
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Proposition 5 (Parallel trends: Log growth (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1) and a

log growth model specification
(
Yd,t =

E
[

I∗
d,t

]
E
[

I∗
d,t−1

] , g(·) = log(·)
)

, the “infinite susceptible population” parallel trends assumption (Eq. 3)

holds between t1 and t2 under the following conditions:

lim
S1,0→∞

(
log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)])

)
= lim

S0,0→∞

(
log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)])

)
⇐⇒

log
(
β1,t2−1
β1,t1−1

)
− log

(
β1,t2−2
β1,t1−2

)
+ log

(
1 − γ + β1,t2−2
1 − γ + β1,t1−2

)
= log

(
β0,t2−1
β0,t1−1

)
− log

(
β0,t2−2
β0,t1−2

)
+ log

(
1 − γ + β0,t2−2
1 − γ + β0,t1−2

)
Proof. For t1, t2 ≥ 2 and d ∈ {0, 1}, we have:

lim
Sd,0→∞

log
(
E
[
Yd,t2

])
Substituting in from Proposition 1 −→

= log

(
βd,t2−1

t2−2∏
k=1

(
1 − γ + βd,k

)
Id,0

)
− log

(
βd,t2−2

t2−3∏
k=1

(
1 − γ + βd,k

)
Id,0

)
Simplifying −→

= log
(
βd,t2−1
βd,t2−2

(
1 − γ + βd,t2−2

))

Similarly, log
(
E
[
Yd,t1

])
= log

(
βd,t1−1
βd,t1−2

(
1 − γ + βd,t1−2

))
. Therefore,

lim
Sd,0→∞

log
(
E
[
Yd,t2

])
− log

(
E
[
Yd,t1

])
Substituting from above −→

= log
(
βd,t2−1
βd,t2−2

(
1 − γ + βd,t2−2

))
− log

(
βd,t1−1
βd,t1−2

(
1 − γ + βd,t1−2

))
Rearranging terms −→

= log
(
βd,t2−1
βd,t1−1

)
− log

(
βd,t2−2
βd,t1−2

)
+ log

(
1 − γ + βd,t2−2
1 − γ + βd,t1−2

)
Substituting the above equation back to both sides of the parallel trends assumption defined in Eq. 3 completes the proof.

Proposition 6 (Cohort definition of Rt). Assume that the effective reproduction number is measured over a generation interval of length
1
γ

for the cohort I∗
t becoming infectious at time t. We define the cohort effective reproduction number:

Rd,t =
∞∑

j=t

(1 − γ)j−t βd,j
Sd,j

N

.

Proof. Eq. 1 defines the average number of secondary infections per infected individual at time t as βd,t
Sd,t

N
. Of individuals who become

infected at time t, Eq. 1 also defines the fraction removed at each time step as 1 − γ. This gives us the effective reproduction number
corresponding to the cohort becoming infectious at time t:

Rd,t =
∞∑

j=t

(1 − γ)j−t βd,j
Sd,j

N

Proposition 7 (Parallel trends: Log Rt (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1), log-
transformed effective reproduction number model specification

(
Yd,t = log

(
Rd,t

)
, g(·) = log(·)

)
, the “infinite susceptible population”

parallel trends assumption (Eq. 3) holds for all t1, t2 if and only if

lim
S1,0→∞

log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)]) = lim
S0,0→∞

log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)]) ⇐⇒

log

(∑∞
j=t2

(1 − γ)j−t2 β1,j∑∞
j=t1

(1 − γ)j−t1 β1,j

)
= log

(∑∞
j=t2

(1 − γ)j−t2 β0,j∑∞
j=t1

(1 − γ)j−t1 β0,j

)
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Proof. In Proposition 6, we defined Rd,t =

∑∞
j=t

(1 − γ)j−t βd,j
Sd,j

N
. Substituting this formulation of Rd,t into the parallel trends

assumption in Eq. 3, we obtain:

lim
S1,0→∞

log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)]) = lim
S0,0→∞

log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)]) ⇐⇒

lim
S1,0→∞

log (R1,t2 ) − log (R1,t1 ) = lim
S0,0→∞

log (R0,t2 ) − log (R0,t1 ) ⇐⇒

lim
S1,0→∞

log
(
R1,t2

R1,t1

)
= lim

S0,0→∞
log
(
R0,t2

R0,t1

)
⇐⇒

Substituting from Proposition 6 −→

lim
S1,0→∞

log

(∑∞
j=t2

(1 − γ)j−t2 β1,jS1,j∑∞
j=t1

(1 − γ)j−t1 β1,jS1,j

)
= lim

S0,0→∞
log

(∑∞
j=t2

(1 − γ)j−t2 β0,jS0,j∑∞
j=t1

(1 − γ)j−t1 β0,jS0,j

)
⇐⇒

Taking limits −→

log

(∑∞
j=t2 (1 − γ)j−t2 β1,j∑∞
j=t1

(1 − γ)j−t1 β1,j

)
= log

(∑∞
j=t2

(1 − γ)j−t2 β0,j∑∞
j=t1

(1 − γ)j−t1 β0,j

)

Proposition 8 (Parallel trends: Log βt). Assuming an SIR data-generating process and a log-transformed effective reproduction number
specification

(
Yd,t = log

(
βd,t

)
, g(·) = log(·)

)
, the parallel trends assumption holds for all t1, t2 > t− 1 if and only if

log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)]) = log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)]) ⇐⇒
log (β1,t2 ) − log (β1,t1 ) = (log(β0,t2 ) − log (β0,t1 )

Proof. Proposition 8 follows from a direct substitution of the outcome Yd,t = βd,t into the log-transformed parallel trends assumption as
defined in Eq. 3:

log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)]) = log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)]) ⇐⇒
log(β1,t2 ) − log(β1,t1 ) = log(β0,t2 ) − log(β0,t1 )

Proposition 9 (Estimation of βd,t). Assuming an SIR data-generating process (Eq. 1), with Id,t+1 ∼ Pois
(
βd,tSd,t

Sd,t
N

)
, the maximum

likelihood estimator of βd,t is:

β̂d,t =
I∗

d,t+1

Id,t
Sd,t

N

Proof. Because we assume:

I∗
t+1|It ∼ Pois

(
βtIt

St

N

)
,

the likelihood (L) and log-likelihood (ℓ) functions can be defined:

L
(
βt|I∗

t+1, It, St, N
)

=

(
βtIt

St
N

)I∗
t+1 e−βtItSt/N

I∗
t+1!

ℓ
(
βt|I∗

t+1, It, St, N
)

∝ I∗
t+1 log

(
βtIt

St

N

)
− βtIt

St

N

Setting
∂ℓ
(

βt|I∗
t+1,It,St,N

)
∂βt

= 0 to obtain the maximum likelihood estimator:

0 =
ℓ
(
βt|I∗

t+1, It, St, N
)

∂βt

=
I∗

t+1

βtIt
St
N

It
St

N
+ It

St

N

=
I∗

t+1
βt

− It
St

N

=⇒ β̂t =
I∗

t+1

It
St
N
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Supplement Proposition 1 (Log transformation). Assume that Eq. 3 holds with a log link, such that:

log (E [Y1,t2 (0)]) − log (E [Y1,t1 (0)]) = log (E [Y0,t2 (0)]) − log (E [Y0,t1 (0)])

Then,

E
[

log (Y1,t2 (0)) − log (Y1,t1 (0))
]

− E
[

log (Y0,t2 (0)) − log (Y0,t1 (0))
]

≈
(
V ar(Y1,t1 )
2E[Y1,t1 ]2

−
V ar(Y1,t2 )
2E[Y1,t2 ]2

)
−
(
V ar(Y0,t1 )
2E[Y0,t1 ]2

−
V ar(Y0,t2 )
2E[Y0,t2 ]2

)

Proof. We can approximate E
[
log(Yd,t)

]
with a second-order Taylor series expansion (38):

E
[
log(Yd,t)

]
≈ log

(
E
[
Yd,t

])
−
V ar(Yd,t)

2E
[
Yd,t

]2

Substituting this approximation for each term in E
[

log (Y1,t2 (0)) − log (Y1,t1 (0))
]

− E
[

log (Y0,t2 (0)) − log (Y0,t1 (0))
]

completes the

proof.

Corollary 1. If the outcome is log incidence in Supplement Proposition 1, Yd,t = I∗
d,t with a log link, then,

E
[

log (Y1,t2 (0)) − log (Y1,t1 (0))
]

− E
[

log (Y0,t2 (0)) − log (Y0,t1 (0))
]

≈
(

1
2E[I∗

1,t1
]

−
1

2E[I∗
1,t2

]

)
−
(

1
2E[I∗

0,t1
]

−
1

2E[I∗
0,t2

]

)

Proof. Per Eq. 1, we assume the incidence I∗
d,t follows a Poisson distribution. As a result, the second-order term becomes:

V ar
(
I∗

d,t

)
2E
[
I∗

d,t

]2 =
E
[
I∗

d,t

]
2E
[
I∗

d,t

]2 =
1

2E
[
I∗

d,t

]
Substituting this into the result from Proposition 1 completes the proof.

Supplement Proposition 2 (DiD with time-step aggregation). Assume that the parallel trends assumption (Eq. 3) holds with a log link
for every pair of individual pre- and post-intervention time steps between the average outcome in the treated and comparison groups.
That is, for any pre-intervention time step t1 and post-intervention time-step t2, we assume

log
(
E [Y1,t2 (0)]

)
− log

(
E [Y1,t1 (0)]

)
= log

(
E [Y0,t2 (0)]

)
− log

(
E [Y0,t1 (0)]

)
Then, the aggregated parallel trends assumption (Eq. 5) also holds:

log
(
E
[
Y1,t(0)

∣∣∣t ∈ T2

])
− log

(
E
[
Y1,t(0)

∣∣∣t ∈ T1

])
= log

(
E
[
Y0,t(0)

∣∣∣t ∈ T2

])
− log

(
E
[
Y0,t(0)

∣∣∣t ∈ T1

])
,

where T1 and T2 denote aggregations of pre- and post-intervention time periods.

Proof. By imposing parallel trends (Eq. 3) for any pair of individual pre- and post-intervention time steps, we have for any t1 and t2,

log
(
E [Y1,t2 (0)]

)
− log

(
E [Y1,t1 (0)]

)
= log

(
E [Y0,t2 (0)]

)
− log

(
E [Y0,t1 (0)]

)
⇐⇒

log
(

E [Y1,t2 (0)]
E [Y1,t1 (0)]

)
= log

(
E [Y0,t2 (0)]
E [Y0,t1 (0)]

)
⇐⇒

E [Y1,t2 (0)]
E [Y1,t1 (0)]

=
E [Y0,t2 (0)]
E [Y0,t1 (0)]

⇐⇒

E [Y1,t2 (0)]E [Y0,t1 (0)] = E [Y0,t2 (0)]E [Y1,t1 (0)] [(*)]

For the parallel trends condition to hold on the aggregated time periods T1 and T2, we want to show

log
(
E
[
Y1,t(0)

∣∣∣t ∈ T2

])
− log

(
E
[
Y1,t(0)

∣∣∣t ∈ T1

])
= log

(
E
[
Y0,t(0)

∣∣∣t ∈ T2

])
− log

(
E
[
Y0,t(0)

∣∣∣t ∈ T1

])
Note that if aggregation occurs by summing, rather than averaging, both the LHS and RHS are multiplied by the number of time steps,
which does not affect the result. For each side of the above equation, the difference in log expected outcomes can be written as a sum of
time steps:
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log
(
E
[
Yd,t(0)

∣∣∣t ∈ T2

])
− log

(
E
[
Yd,t(0)

∣∣∣t ∈ T1

])
= log

(
E

[∑
t∈T2

Yd,t(0)

])
− log

(
E

[∑
t∈T1

Yd,t(0)

])

= log

(
E
[∑

t∈T2
Yd,t(0)

]
E
[∑

t∈T1
Yd,t(0)

])

= log

(∑
t∈T2

E
[
Yd,t(0)

]∑
t∈T1

E
[
Yd,t(0)

])

Therefore, Eq. 5 holds for T1 and T2) if and only if∑
t∈T2

E [Y1,t(0)]∑
t∈T1

E [Y1,t(0)]
=

∑
t∈T2

E [Y0,t(0)]∑
t∈T1

E [Y0,t(0)]
⇐⇒(∑

t∈T2

E [Y1,t(0)]

)(∑
t∈T1

E [Y0,t(0)]

)
=

(∑
t∈T2

E [Y0,t(0)]

)(∑
t∈T1

E [Y1,t(0)]

)
⇐⇒

Distributing the sum −→∑
t2∈T2

∑
t1∈T1

E [Y1,t2 (0)]E [Y0,t1 (0)] =
∑

t2∈T2

∑
t1∈T1

E [Y0,t2 (0)]E [Y1,t1 (0)] ,

where the last equality is true because Eq. 3 holds for every pair of pre-intervention t1 and post-intervention t2.

Corollary 2. Assume that the parallel trends assumption (Eq. 3) holds with a log link for every pair of individual pre- and post-
intervention time steps between the average outcome in the treated and comparison groups as in Supplement Proposition 2. Then the
extended parallel trends assumption (Eq 6) holds on the transformed average differences between pre- and post-treatment outcomes across
treated and untreated groups:

log
(
E
[
Y1,t(0)

∣∣t ∈ T2
])

− log
(
E
[
Y1,t(0)

∣∣t ∈ T1
])

= log
(
E
[
Y0,t(0)

∣∣t ∈ T2
])

− log
(
E
[
Y0,t(0)

∣∣t ∈ T1
])

,

where T1 and T2 are set of pre- and post-treatment time periods, respectively.

Proof. The proof follows directly from Supplement Proposition 2, with only the definitions of T1 and T2 changed.
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C. Figures

Fig. A1. COVID-19 cases per 1000 students and staff in 72 school districts in Massachusetts

Each line plots the case trajectory in one school district. The dashed vertical line represents the time at which the state-level
mask mandate was lifted.

Fig. A2. Event study plot from replicating the original analysis Cowger et al. (5)

The estimated treatment effects with associated 95% confidence intervals obtained from fitting the incidence specification,
which is the model specification in the original analysis, are plotted against the time to treatment.

 . CC-BY-NC-ND 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted April 10, 2024. ; https://doi.org/10.1101/2024.04.08.24305335doi: medRxiv preprint 

https://doi.org/10.1101/2024.04.08.24305335
http://creativecommons.org/licenses/by-nc-nd/4.0/


DRAFT

Fig. A3. COVID-19 cases per 100,00 population in Kansas

Each line plots the case trajectory in one county in Kansas. The dashed vertical line represents the time at which the executive
order took effect.
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D. Tables

Table A1. Simulation parameters

Parameter Description Values

N Total number of units 50

N1 Number of treated units 25

pop Population size for each unit One of {5, 000, 10, 000}

T Total number of weeks 17

Tburnin Number of weeks in the burn-in period 5

T0 Number of weeks in the pre-intervention period 4

I0 Number of initial infections at time 0 100
1
γ

Generation interval 10 days

β Effective contact rate (constant over time) One of {0.100, 0.115}

ϕ
Ratio in the effective contact rates between the
treated and control groups One of {1.0, 1.1}

δ Effect size One of {0.70, 0.80, 0.90, 0.95, 1.00, 1.05, 1.10, 1.20, 1.30}

α Statistical significance level 0.05

Table A2. Results from re-analyzing the effect of removing school mask mandates on COVID-19 cases in Massachusetts using Callaway and
Sant’Anna estimator

Outcome specification Treatment effect1 Average marginal effect2

Incidence 47.4 47.4
Log incidence 2.0 10.0
Log growth -2.2 -179.5

1 Treatment effect refers to the point estimate in coefficients obtained from OLS (incidence model) or Poisson regression (log incidence and log
growth models) 2 Average treatment effects are imputed as described in Section Average marginal effects and Appendix E.
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E. Algorithms

Algorithm 1 (Estimation of average marginal effects for log incidence and log growth specifications) Given the observed outcomes in the
treated units, Y1, ..., YN1 , and the estimated ATT, δ̂t, we impute the AME as follows:

1. Calculate the fitted untreated potential outcome for the treated group in the scale of the model specification for each treated unit i
and post-intervention period t > T0 using the observed empirical outcome trajectory and the estimated ATT: Ŷd(0) = Yd,t − δ̂t

2. Recover the fitted untreated potential outcome for the treated unit i in the case scale, Î∗
d,t

(0), from Ŷd,t(0) according to the definition
of model specifications per Table 1. For log growth, we take the last period prior to intervention as baseline, and construct the
untreated potential outcomes by dividing the baseline outcome by the fitted treatment effect coefficient. We repeat division for each
post-intervention period to recover the untreated trajectories for the treated units.

3. Calculate the difference between the observed treated outcome and the fitted control potential outcome trajectories to obtain the
marginal effect (ME) for each unit i over the entire post-intervention time periods: MEi =

∑
t∈T1

(
I∗

d,t − Î∗
d,t

(0)
)

4. The AME is the average of the calculated differences over all treated units: AME = 1
N1

∑
i∈N1

(MEi)

Algorithm 2 (Estimation of average marginal effects for log Rt or log βt models) For COVID-19, we assume on average 5 days of
infectiousness and 3 days of mean exposure period (36). We use input data on the initial susceptible fraction and infections, as well as
empirically estimated effective contact rates over the period of interest βt, t ∈ [t1, t2]. We then use estimated time-varying ATTs for the
effective contact rate, δ̂t to impute the AME as follows:

1. Calculate the fitted treated potential outcomes as an average from 1000 infection trajectories simulated from an SEIR model with
effective contact rates set to

(
βt + δ̂t

)
, corresponding to an effective reproduction number Rt = 5

(
βt + δ̂t

)
.

2. Calculate the fitted untreated potential outcomes for the treated group as an average from 1000 infection trajectories simulated from
an SEIR model with effective contact rate set to β0, corresponding to an effective reproduction number Rt = 5β0.

3. The AME for a log Rt or a log βt model is then given by the average difference in projected infections over the post-intervention
period between fitted trajectories: MEi =

∑
t∈T1

(
I∗

d,t − Î∗
d,t

(0)
)

, AME = 1
N1

∑
i∈N1

(MEi).

F. SEIR framework

We summarize the SEIR framework using the following equations:

Susceptible: Sd,t+1 = Sd,t −
(
βd,tId,t

Sd,t

N
+ ϵd,t+1

)
Exposed: Ed,t+1 = (1 − ψ)Ed,t +

(
βd,tId,t

Sd,t

N
+ ϵd,t+1

)
Infectious: Id,t+1 = (1 − γ)Id,t + ψEd,t

Recovered: Rd,t+1 = Rd,t + γId,t

Compared with an SIR model specified in Eq. 1, the only additional parameter introduced here is ψ, which in our analysis is assumed to
be a constant rate of infectious given exposure.

G. Inference

We conduct inference using the wild score bootstrap, which allows for valid inference with heteroskedastic data and a small number
of clusters when a generalized linear model is used for estimation. This is a generalization of the wild cluster bootstrap, proposed by
Cameron et al. (23). The more widely-used wild cluster bootstrap perturbs the residual distribution for each bootstrap replicate based
on a cluster-level random variable with mean 0 and variance 1, usually drawn from a Rademacher distribution (23, 24). Although this
technique performs well with a small number of clusters, it requires a symmetric distribution in the residuals with mean 0, which is not
satisfied by a Poisson generalized linear model (GLM). More broadly, this idea of perturbing distributions in bootstrap samples can be
applied to the score contributions in the context of GLMs (23). Given any maximum likelihood estimation process, the score contribution
for cluster c can be computed as the sum of score vectors in all observations from cluster c, where a score vector is the first derivative of
the log-likelihood function. In each bootstrap replicate, we re-weight the score distribution based on an auxiliary cluster-level random
variable with mean 0 and variance 1, and calculate a Wald statistic is calculated using the weighted scores. The p-value is the proportion
of bootstrap replicates for which the bootstrapped Wald statistics exceed the observed Wald statistic under the null.
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