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Fig. 2. Power of models with all parameters equal between treatment and comparison groups
The top and bottom plots differ in the baseline effective contact rates: (a) Bo: = S1,t = 0.1, and (b) fo,s = f1, = 0.115.
Within each plot, left and right panels differ in the scale of effect size: the left plots the effect size as a multiplicative effect
on baseline f4,+, and the right the percentage change in cumulative incidence. Across rows, we vary the population size. We

generated data from an SIR model per Eq. 1. Solid colored lines indicate the average probability of rejecting the null over 1000
simulations. The dashed line indicates a significance level of 0.05.
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Fig. 3. Power of models with baseline effective contact rate in treated units to be 10% greater than that of untreated units
The top and bottom plots differ in the scale of effect size: (a) Bo,: = 0.1, B1,+ = 0.11, and (b) Bo,s = 0.115, 81, = 0.1265. The
left and right panels differ in the scale of effect size: the left plots the effect size as a multiplicative effect on baseline 84+, and
the right the percentage change in cumulative incidence. Across rows, we vary the population size. We generated data from an
SIR model per Eq. 1. The solid colored line indicates the average probability of rejecting the null over 1000 simulations in
the ; model. Points at 6 = 1 indicate the failure to control type I errors in all other models. The dashed line indicates a
significance level of 0.05.


https://doi.org/10.1101/2024.04.08.24305335
http://creativecommons.org/licenses/by-nc-nd/4.0/

medRxiv preprint doi: https://doi.org/10.1101/2024.04.08.24305335; this version posted April 10, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
It is made available under a CC-BY-NC-ND 4.0 International license .

increase in cases (an additional 45 cases per 1000 students and
staff) associated with the removal of school mask mandates.

We extended this analysis with log incidence and log
growth specifications. We did not estimate effective repro-
duction number and effective contact rate estimates because
the these are not typically estimated for subpopulations or
below the county-level (22, 31).

Re-analysis methods. We applied the authors’ DiD approach
to incidence, log incidence, and log growth models, which is
similar to the specification in Estimation, but accounts for
staggered treatment roll-out by estimating and averaging
group-time average treatment effects (ATT(g,t)), where
groups are defined based on time of treatment. We first
replicated their specification using the Callaway & Sant’Anna
estimator (26), with results presented in Supplement Table A2.
As log incidence and log growth specifications do not allow
zero outcomes, we implemented these with Poisson regression,
first using the Callaway & Sant’Anna estimator and then
a similar alternative by Sun and Abraham (27), that more
straightforwardly supports inference with Poisson regression.
For both, we present the average over all ATT(g,t). We then
calculated AMEs for log incidence and log growth treatment
effects.

Re-analysis results. Figure A1l plots district-level COVID-19
cases per 1000 over the study period. Using the Callaway
& Sant’Anna estimator, we replicated the authors’ original
findings, with an estimated 46 additional cases per 1000
students and staff (Figure A2). With the Sun & Abraham
estimator, there was similarly an increase of 48 cases per 1000
students and staff (95% CI: 40, 57) (Table 2).

Figure A1l suggests that clusters do not have the same
initial levels. Over the full study period, estimated treatment
effects declined with a log incidence specification to 13 (95%
CI: -31, 47) cases per 1000 students and staff (Table 2). The
point estimate in the log growth specification was near 0,
but highly uncertain; we could not rule out differences up
to 120 cases per 1000 students and staff. However, with a
shorter post-intervention horizon, both the incidence and
the log incidence specifications detected a statistically and
practically significant increase of 7-9 cases per 1000 students
and staff over 5 weeks following the lifting of school mask
mandates, with an effect of similar magnitude (but more
uncertainty) in the log growth specification.

Kansas mask mandates.

Background. On July 3, 2020, Kansas adopted an executive
order requiring face masks in most indoor and outdoor public
places. As this was initially only adopted by 15 counties (32),
JAMA Network Open published a DiD analysis evaluating the
effect of county-level mask mandate adoption on daily COVID-
19 rates (33). The authors used incidence specifications,
where the 7-day moving average of COVID-19 cases per
100,000 was used as the outcome variable, and the policy was
evaluated at 21 days after the executive order was effective
(i-e., July 24, 2020 was the intervention time) to account
gradual uptake and the lagged impact of behavior on cases.
The authors found a statistically and practically significant
reduction in COVID-19 cases (-20 cases per 100,000 with 95%
CI: -27 to -14) following the executive order.

DRAFT
Re-analysis methods. We first replicated the authors’ original
specification with small modifications:

Yo =a+na+ 7t
0 (TreatedCounty, x PostTreatment;) + €q,,

where the outcome Yj; was the county-level number of
cases per 100,000 population (i.e., an incidence model), and
the remaining variables and coefficients were defined as in
Estimation. In our re-analysis, we aggregated data to
the week-level and excluded counties with zero reported
COVID-19 cases prior to the announcement of mask mandates.
We also excluded covariates (an indicator for no reported
cases and the number of days since the first recorded case
in the county) to avoid recent methodological concerns
about verifying the parallel trends assumption conditional on
covariates (34).

We then re-analyzed the Kansas mask mandate example
with the other four specifications. For log R: and log S
models, we obtained county-level data on R; from COVIDes-
tim nowcasting (31) and translated this to 8¢ by dividing
R; by the estimated susceptible fraction as illustrated in
Proposition 6. We used estimated the susceptible fraction
using cumulative infections from COVIDestim nowcasting
(31) and each county’s 2019 population data from the Census
Bureau (35) to impute susceptible fractions. For AMEs with
log(R:) and log(f:), we used an SEIR model, parameterizing
for COVID-19, with an average of 5 days of infectiousness
and a 3-day incubation period (36).

Re-analysis results. Our treatment effect estimate using a
slightly modified incidence model was —22 cases per 100,000
(95% CI: —28 to —15), very similar to the original estimate
(-20 cases per 100,000 with 95% CI: -27 to -14).

Table 2 summarizes the estimated treatment effects and
average marginal effects obtained using all five specifications.
We observed a similar treatment effect in the log incidence
specification compared to the incidence specification. Effects
were smaller and insignificant for log growth and log R
specifications. However, in this application, many counties
experienced considerable susceptible depletion (e.g., the
estimated susceptible fraction dropped by 40% in Nemaha
and 43% in Norton over the study period), a potential threat
to the validity of log growth and log R; models. By contrast,
the log B: specification produced a significant treatment effect
at 90% confidence level, with an average marginal effect of
-11 cases per 100,000.

Discussion

DiD is a popular method for observational causal inference
in health policy. This arises in part from its flexibility:
DiD allows researchers to estimate treatment effects, even
absent comparison groups that exactly match the treatment
group. DiD is traditionally agnostic as to why treatment and
comparison groups differ in level but are believed to have
matching trends (11). However, by synthesizing DiD with
a mechanistic model for infectious disease transmission, we
showed how context-specific theory informs interpretation of
the parallel trends assumption.

Assuming an underlying SIR framework, our paper first
formalized the epidemiological conditions under which the
parallel trends assumption holds for the three common model
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Table 2. Results from re-analyzing the effect of face mask policies in empirical examples

Study Length of post- Outcome Treatment effect! Average marginal
intervention periods  specification (95% CI) effect? (95% CI)
Incidence 8.6" (5.7, 11.5) 8.6" (5.7, 11.5)
Removing school 5 weeks Log incidence 1.62" (1.26, 2.09) 6.9 (1.8, 10.8)
mask mandates Log growth 0.97 (0.77, 1.22) 8.6 (—10.9, 16.6)
in Massachusetts * Incidence 48.1" (38.9, 57.1) 48.1* (38.9, 57.1)
15 weeks Log incidence 1.19 (0.90, 1.57) 13.0 (—31.3, 47.1)
Log growth 0.89 (0.70, 1.13) —71.4 (—3036.0, 120.5)
Incidence —21.6* (—28.3, —14.8)  —21.6" (—28.3, —14.8)
Mask mandates Log incidence 0.33" (0.22, 0.59) —55.1* (=101.2, —19.1)
in Kansas counties ° 19 weeks Log growth 0.96 (0.74, 1.25) —9.5 (—2139.8, 25.3)
Log R 0.97 (0.90, 1.05) 6.1 (—22.2, 8.3)
Log Bt 0.95" (0.86, 1.01) —10.8" (—36.0, 2.6)

1 Treatment effect refers to the point estimate in coefficients obtained from OLS (incidence model) or average relative risk per unit from Poisson

regression (other four models)

2 Average treatment effects are imputed as described in Section Average marginal effects and Appendix E. AMEs for log R+ and log 3+ models

are calculated assuming an SEIR transmission process per Section F
* represents significance at a = 0.05
t represents significance at o = 0.10

specifications in the COVID-19 literature: incidence, log
incidence, and log growth. Although modeling incidence
was popular in the COVID-19 medical and health policy
literature (Appendix A), this approach requires identical
data-generating processes between all treated and comparison
units, as others have previously noted (4). Modeling log
incidence allows for different numbers of initial infections but
still requires equal effective contact rates and an “infinite
susceptible population” assumption. Nevertheless, because
we found incidence and log incidence specifications to have
very similar power, we recommend that researchers default
to the latter, binning data or applying Poisson regression if
there are zero-valued outcomes (37). By contrast, although
log growth specifications allow for more flexibility, they comes
with a significant power cost.

We argued that the log growth specification approximates
assuming parallel trends in the effective contact rate (e.g.,
assuming similar behavior but different vaccination rates
across units). Both modeling log growth and the log of
effective reproduction number (a similar but higher power
alternative) may produce biased estimates in the context
of susceptible depletion. Our most robust alternative is
therefore modeling the log of effective contact rate (B:)
directly. We showed that this approach has higher power
than modeling log growth, performs well under more flexible
assumptions, and can be estimated with zero-valued outcomes
using Poisson regression. We also demonstrated that this
can be applied to more diverse and complex underlying
transmission processes. As a result, our work provides a useful
bridge between post-hoc policy evaluation and prospective
transmission dynamic models that serve as a backbone of
infectious disease epidemiology.

Last, we apply different model specifications to previously
published examples, highlighting trade-offs between bias and
power and emphasizing the importance of evaluating and
discussing the plausibility of assumptions required for a
chosen specification.

This work has several limitations. First, even our
most robust specifications may not be plausible in practice.
Nevertheless, our approach allows for more flexibility than
many proposed alternatives. For example, Callaway and Li
(4) proposed an alternative estimator in the context of early
COVID-19 that assumed unconfoundedness after conditioning
on all pre-treatment period outcomes. This method performs
well in the early stages of an epidemic when conditions
across units in both groups are similar. However, it may
be challenging to find exact matching units over the full
epidemic history, especially when the effective contact rate
is time-varying due to shifting precautionary behaviors or
vaccination rates. Relatedly, although our approach can
be extended to a wide array of models, we do not consider
the implications of spillovers, which may obscure treatment
effects.

Second, estimating the effective reproduction number and
the effective contact rate can be challenging in practice. Many
past studies (e.g., O’'Driscoll et al. (20), Gostic (22)) have
discussed challenges and proposed approaches for translating
observed cases and deaths into estimates of infections and
the effective reproduction number, which would be valuable
when applying our methods. Last, our results highlight that
in many cases, policy evaluations may be underpowered to
detect effects of substantive interest. Future efforts could
take a decision-analytic approach to integrate the results of
policy evaluations with costs and benefits of implementing
different model specifications.

Overall, our work provides a framework for integrating
transmission dynamics into DiD and proposes novel methods
to support rigorous evaluation of infectious disease policies.
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Measuring the scientific effectiveness of con- - -
COVID-19  incidence  per + Spatial Considerations
2021 PNAS Fetzer & Gracber tact tracing: Evidence from a natural experi- Incidence Contact Tracing ~ England o Altemative Functional Forms
100,000
ment + Placebo Tests
Impacts of introducing and lifting nonphar-  Number of confirmed cumula-
maceutical interventions on COVID-19 daily  tive cases per 100,000 minus Multiple Inter- * Different Timing of Interventions
2021 PNAS Singh, et al. Incidence UsA . iates
e growth rate and compliance in the United  thaton the prior day divided by ventions Lagged Outcome or Covariates
States that on the prior day
+ Different Timing of Interventions
Natural log of the cumulative i
School Reopening And COVID-19 In The + Outliers
number of people testing posi- School Reopen- ) e
2022 Health Affairs Fitzpatrick, etal.  Community: Evidence From A Natural Ex- peop & P Log incidence ) P Canada * Adding/Removing Variables

periment In Ontario, Canada

tive on a given day minus that

on the day before

ing

Lagged Outcome or Covariates
Spatial Considerations
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Little To No Correlation Found Between Im-

Lagged natural logarithm

Outcome can be interpreted as per-
cent change in lagged incidence per

each additional entrant (ie., semi-

Outliers

. Nwadiuko & Bus- . ) » Immigrant En- B " Adding/Removing Variables
2022 Health Affairs amante ‘migrant Entry And COVID-19 Infection Rates  of new COVID-19 cases per  Log incidence w USA elastcity). The authors choseasemi- 004 Outcome or Covariates
In The United States 100,000 elastic instead of elastic (log1og)  « Alternative Functional Forms
model, as the size might be more rel-
evant. instead of percent change
*  Different Timing of Interventions
Does providing free internet access to low- Free in-home * Adding/Removing Variables
2022 Health Economics  Goetz Number of cases per 1,000 Incidence Canada . " :
income households affect COVID-19 spread? P Internet Access Alternative Functional Forms
« Alternative Estimation Models
Association of COVID-19 Incidence and Mor- " .
JAMA Health Fo- Log-Transformed new COVID- School Reopen- ¢ Alternative Estimation Models
2022 Lichand, et al. tality Rates With School Reopening in Brazil Log incidence Brazil . " N it
rum v pening 19 cases and deaths per 10,000 s ing Alternative Variable Definitions
During the COVID-19 Pandemic
Nature Commu. Impacts of rapid mass vaccination against Mass Vaceina. + Altermative Estimation Models
2022 Paetzold, et al. SARS-CoV2 in an early variant of concern  Weekly cases per 100,000 Incidence Austria « Placebo Tests
nication tion
hotspot
Lifting Universal Masking in Schools - Covid- " » * Different Timing of Interventions
222 NEM Cowger, et al. Weekly Covid-19 cases Incidence Mask Mandate  USA . i - .
& 19 Incidence among Students and Staff Y Adding/Removing Variables
Diederichs,  Is- ’ . :
Schools under mandatory testing can miti-  New confirmed SARS-CoV-2 School Reopen- * Different Timing of Interventions
222 PNAS hording & Incidence Germany . ! ] i
P & gate the spread of SARS-CoV-2 infections ing Y Adding/Removing Variables
Pestel
Estimating the early impact of the US
COVID-19  vaccination ~ programme  on
A negative binomial model is as- y .
22 Thel. N, . COVID-19 cases, emergency department vis- Rl - . . » v Usa b . * Different Timing of Interventions
e Lancet (cNamara, et al. lative change in incidence og incidence faccine sumed because it is appropriate for i
its, hospital admissions, and deaths among & & PPIoP’ Alternative Reference Groups
count data
adults aged 65 years and older: an ecological
analysis of national surveillance data
* Different Timing of Interventions
+  Adding/Removing Variables
‘The impact of COVID-19 shelter-in-place pol- « Alternative Functional K
2023 Health Economics  Agrawal, etal. Excess deaths per 100,000 Incidence Shelter-in-place ~ USA ternative Functional Forms
icy responses on excess mortality *  Alternative Estimation Models
+  Alternative Variable Definitions
L . Natural logarithm of COVID-19 . «  Adding/Removing Variabl
School-age vaccination, school openings and School Reopen- Following the work by Cher- ling/Removing Variables
2023 Health Economics  Amodio, etal. cases, measured attimes t:3and  Log growth UsA o Lagged Outcome or Covariates
COVID-19 diffusion ing nozhukov, et al. (2021) 88
4
Daily updated records on poly- +  Adding/Removing Variables
Implementation and spillovers of local non- Multiple Inter- « Lagged Out Covariat
2023 Health Economics ~ Godoy & Grotting merase chain reaction tests and  Incidence Norway gged Outcome or Covariates
pharmaceutical interventions ventions

test results

Alternative Estimation Models
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B. Proofs

Proposition 1 (Expected incidence). Assuming an SIR data-generating process (Eq. 1) with initial conditions {Sq,0, 14,0, Rd,0}, expected
incidence at time t + 1 can be written as:

E [I;,H-l] = % (Sd,o + S 7)) E [I;yt] — e,
where er = (1= YE [lap—115,] = Y0 E[1;,15 ]

Proof. Given {I4,0,54,0,Rd,0}, constant generation interval %, and effective contact rates (84,¢), we have per Eq. 1:

t—1
Sqp = St—1— I:;,t =S40 — § I;,t

i=1

Id,t = (1 - 7) Id,t—l + I;,t
‘We denote incidence at time ¢ + 1:

Bt
It = ySatlae + et

. Sq.t—
where E [e;] = 0 because I}, ~ Pois (/Bd,t—lld,t—l d}@ 1).

Taking the expectation of both sides:

. Ba,t
]E[Id,t+1] =E [ N d,tld +€t+1:|

Noting that €;41 has mean 0 —>

g UE [Sa.ia]

Substituting Sq ¢, I4,+ from above —

- % {IE [(Sd,tl - I;,t) ((1 — a1+ I;,t):|:|

Expanding product —

B, .
= E[Sae1liy+ (U =mSai-ilar-r = (U= Dla-1lf, — 137]
. . . E[15,]
Taking expectations and noting E (Sd’t,lfd’t,l) = —2=
Bd,t—1
Ba,t . A=) [y . .
= |E [Sa-1T5,] + — E[1;,] = (1 =7E [las I} ,] —E[1;3]
t—
t—1
Noting that Sg; = Sq,0 — Z Ijs —
i=1

t
= % S0k [I5,] + (Bld;jl)m [I3.] = (0 =E [Tage115,] - ;E (1515 5]

Collecting terms —»
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Proposition 2 (Expected incidence (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1), with initial
conditions {So, Io, Ro}, fort > 1,

t—1
lim B[] = [J (-7 + I
S e [F30i] =Bae | | (1 =7+ Bax) Lo
k=0
S
Proof. We prove Proposition 2 by induction. For explication, we write 1], = Baq¢—1ldt-1 dxfl + €¢, where E[e;] = 0 because

. Sq.t— . . . . .
];,t ~ Pois (ﬁd,t—lld,t—l d}f] L ) Population size N is assumed constant (Eq. 1) over time, with N =S4 0 + Iq,0 + Rq,0 for all ¢.

Base case (t =1):
We first take the expectation of I 1:

S,
E [ lim Id,m} —E [ Hm (1= )10+ Baolao—2 +eqq
Sd,o—)oo Sd10~>oo N
S, S
Noting that lim 40 _ i — 240
Sq0—c0 N Sq,0—00 Sd,o + Ig0+ Rao

=1 —~+Ba,0)1a,0

=1and E[eg 1] =0 —

‘We then take the expectation of incidence at time t + 1 = 2:

E lim I} =K lim I}
|:de0~>00 d’t+1:| |:S'd,0~>oo d’2:|
Substituting in from Eq. 1 —

Sa,1

N
Noting that E[eg 2] =0 —

+ €4,2

]E[ lim  Ba1laa
Sq,0—>00

[ S,
=BaaE| lim T4, ‘“}

Substituting in from Eq. 1 —

Sd,0
) Sa,0 Sa,0 — Bd,0ld,0 % — €d,1
=p41E| lim ((1 — ) g0+ Bd,OId,OT + €d,1) Im N

Sd’oﬁoo

Rearranging the limit of products as a product of limits because both are finite —

I s s I408,
=fB41E| lim ((1 a0 +ﬁd,01d,07]<;0 +ed,1) lim (—]‘30 _ PaolaoSao :]’g 40 _ Ele)}

Sq,0—o0 Sq,0—00

S S
Noting that lim -—2% = 4,0

im ———————— =1and Elgg ] =0—
Sq,0—00 N Sq,0—+00 Sd70 + Id70 + Rd,o

= Ba,1 ((1 — g0+ 54,01,1,0)

= Ba,1 (1 -7+ Bd,o) Iq0 = Baq1E |: lim Id,1:|

Sq,0—r00

Induction step: Assume that:

t—2
E[ lim Ig,t}ﬂd,t_luz[ lim Id,t_l}ﬁd,t_ll_[(l—wﬁd,k)ld,o

Sq,0—00 Sq,0—+0
’ ' k=0
We will show that this implies that the same holds for the next time step, i.e.,
t—1

E li I; = E li I = 1-— 1
|:Sd1(l)n~1>oo d,t+1:| Ba,e [Sdﬂ(l)rgoo d,t:| ﬁd,tkl_[( v+ Bak) Lao
=0
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We have:

. N . Sa,
E [ lim Id,t+1} =E { lim ﬁd,tld,tTt + Ed,t+1]

Sd’oﬁoo Sd’oﬁoo

Substituting in Eleg ¢441] =0 —

[ S
= Ba B | lim I, d’t}
’ Sq,0—r00 "N

Substituting in from Eq. 1 —

Sai—1— 1}
=BasE | lim (1= a1 +15,) (’t

Sq,0—+0 N

Rearranging the limit of products as a product of limits because both are finite —

r t—1

Sao  2ujer BailaiSai ey
=8,,E| 1 1=y 1 +1F li Za0  g=l ol e e A
BadE | dim (O =Dl + 1)  Jim | =5 e N

S,
Noting lim —%% =1, Efeg ;] =0Vj —>
Sq,0—r00 N ?

=B4.E| lim ((1 — g1+ I;yt)}

Sq,0—r00
Applying (1) and  lim E [I; t] = lim B4, 1E [Idvt_l] —
Sd70—>oo ’ Sq,0—r00
= Sd}[i)rgooﬁd,t (1= +Ba,t-1) E [Ta,0-1]
t—2
Applying that lim B¢ 1E[l;_1] = Bg,t—1 H (1 — v+ 5d,k) Igo —
Sq,0—r00
k=0
t—1
= Ba,t H (1 -7+ ﬁd,k) I40
k=0

This completes the induction step.

Last, note that the dominated convergence theorem allows us to exchange limit and expectation because for all Sy, I t(Sd,O)
is stochastically dominated by I} ,” ~ Pois (Bd,t—l HZ_:zo (1 — 'y+ﬁd’k) Id,o) (i.e., I}, from in a modified SIR process in which
I;,tl ~ Pois(Bq,t—11¢—1)) over all d,t.

|

Proposition 3 (Parallel trends: Incidence (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1) and
an incidence model specification (Yd,t =15, g(y) = y), the “infinite susceptible population” parallel trends assumption (Eq. 3) holds
between t1 and t2 under the following conditions:

i (EMn(0)]-EMia 0] ) =

S1,0—00

tim (B Yo (0] ~EPon 0)]) <=

So,0—0c0
E [[itl] (ﬁitl,tz - 1) =E [Ig»tl] (’Bg’tlvt2 - 1) ’
t;—2
where E [I&tl] =14,0Bd,t, -1 H (1 -7+ /Bd,k) )
k=0
3 to—2
Bty by = ﬁ H (1 *’7+5d,k)

k=t1—1
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Proof. For t1,t2 > 2 and d € {0, 1}, we have:
Jm (B[] ~E [0 0] )
Substituting from Proposition 2 —
to—2 t1—2
=Bd,ts—1 H (1 -7+ ﬂd,k) Iq0 — Ba,t -1 H (1 -7+ 5d,k) Ig,0
k=0 k=0
Rearranging terms —
t1—2 to—2
=lq,0 H (1=7+Bak) | Baea—1 H (1=~ +Bak) = Batr—1
k=0 k=ti—1
Collecting terms —
:B;,O,tlldvo (Bs,tl,tQ - 1) ’
t;—2 8 to—2
* _ _ * — d7t2*1 _
where 850 0 =B, 1 | [ (1=7+Bak) Bie g o I (=v+8ax)
k=0 k=t1—1
Substituting the above expression into the parallel trends condition, we obtain I:
LHS = lim E[V1,4,(0) = Y161 (0)] = 85 0,4, 11,0 (Bl 410, — 1) » and
S1,0—00
RHS = lim E[Yo,,(0) = Y0,6,(0)] = 55,0, T0.0 (85,01, = 1)
So,0—0c0
O

Proposition 4 (Parallel trends: Log incidence (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1) and
a log incidence model specification (Yd,t =1I;,, g()= log(-)), the “infinite susceptible population” parallel trends assumption (Eq. 3)

holds between t1 and to under the following conditions:

lim log (E[Y1,¢,(0)]) —log (E[Y1,¢, (0)]) = _1lim log (E[Yo,,(0)]) — log (E[Yo,, (0)]) <=

S1,0—00 So,0—0o0

Bl b1 ta = B0,y 125

to—2
Bd,to—1
where B3, 4 = —— H (1 -7+ ﬁd,k)
Bd,t1 -1 Ml

Proof. For t1,t2 > 2 and d € {0,1}, we expand as follows:
lim log (E [Ya,1,(0)]) —log (E [Ya, (0)])

Sq,0—00

Substituting in from Proposition 1 —

to—2 t1-2
=log | Ba,ts—1 H (1 -7+ ,Bd,k) Igo | —log | Bat,—1 H (1 -+ Bd,k) Iq0
k=0 k=0

Dividing out common terms —

to—2

=log Batp—1 H (1_’Y+Bd,k)

Bt -1
T k=t -1

=log (B;at17t2)

Therefore, the “infinite susceptible population” parallel trends assumption (Eq. 3) holds if and only if

lim log (E[Y1,,]) —log (E[Y1,,,]) = lim log (E[Y0,:,]) — log (E[Yo,¢]) <
S1,0—00 So,0—00

log (ﬁf,tl,m) = log (53,:&1,@) Aand

* *
61,t17t2 = 50%1 it

I Note that in the special case of constant exponential growth, Y ; = Id,oﬁt, this condition reduces to Y71,¢, (B"2_tl - 1) = Y0,t; (Bt2_t1 — 1).
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Proposition 5 (Parallel trends: Log growth (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1) and a
E|T*
log growth model specification (det = [E[I[*d't}], g(-) = log(~)) , the “infinite susceptible population” parallel trends assumption (Eq. 3)
d,t—1
holds between t1 and to under the following conditions:

tim_((1og (B (1.1, 0)) ~log (B [¥i.0, O)) ) = _ tim_((1og (B [Y0,1,0)) ~ o (B Yo, ) ) =

S1,0—00
_ _ 1-— _ _ _ 1-— _
log Bria—1) log B1,to—2 +log Y+ Bi,ty—2 ~ log Boja—1) log Bo,ts—2 +log Y+ Bo,ty—2
B1,t1-1 B1,t1—2 1—7v+B1,t-2 Bo,t1—1 Bo,t;—2 1—v+Bo,t;—2
Proof. For t1,t2 > 2 and d € {0,1}, we have:

lim log (E [Ya,e,])

Sq,0—ro0

Substituting in from Proposition 1 —

to—2 to—3
=log | Ba,to—1 H (1 -7+ 5d,k) Tqo | —log | Ba,ts—2 H (1 -7+ 5d,k) Ig0
k=1 k=1

Simplifying —

=log <§d’t21 (1 -7+ /Bd,t22)>

d,to—2

Similarly, log (IE [Yd,tl}) = log <Bd’t1 -1 (1 -+ Bd,h,g)). Therefore,

Bd,tq—2
i (5 Vi) — o8 (2 3]
Substituting from above —
=log </§Z::; (1 -7+ 5d,t22)> — log <ij:l (1 -7+ ,Bd,t12)>

Rearranging terms —

_ _ 1—~+4+ _
~log Baja—1\ log Bd,to—2 +log Y+ Bd,to—2
Bty -1 Bd,t,—2 1=+ Ba,ty—2
Substituting the above equation back to both sides of the parallel trends assumption defined in Eq. 3 completes the proof. O

Proposition 6 (Cohort definition of R¢). Assume that the effective reproduction number is measured over a generation interval of length
% for the cohort I} becoming infectious at time t. We define the cohort effective reproduction number:

oo - Sd‘ '
Ry:= Z (1—7)y"" Bd,ij]
j=t

Proof. Eq. 1 defines the average number of secondary infections per infected individual at time t as 4+ Si;t . Of individuals who become

infected at time ¢, Eq. 1 also defines the fraction removed at each time step as 1 — . This gives us the effective reproduction number
corresponding to the cohort becoming infectious at time ¢:

]

. Sd .
Ry = E (1—=7)"" Ba,; A}J
=t

O

Proposition 7 (Parallel trends: Log R; (infinite susceptible population)). Assuming an SIR data-generating process (Eq. 1), log-
transformed effective reproduction number model specification (Yd,t = log (Rd,t) ,9(1) = log(-)), the “infinite susceptible population”
parallel trends assumption (Eq. 3) holds for all t1,t2 if and only if
lim log (E[Y3,1,(0)]) —log (E[Y3,1, (0)]) = _ lim log (E [Yo,1,(0)]) — log (E[Yo,1, (0)]) <=
0,000

S1,0—00
oo =t . oo _~)i—t .
Zj:tz (L=~ 7"2 B o Zj:t2 (1 —=7)7" Bo,;

R RN A O A Y

Jj=t1 Jj=t1

log
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Proof. In Proposition 6, we defined Rq; = Z;’;t (1—7) tﬁd’j K,’J . Substituting this formulation of R4 into the parallel trends
assumption in Eq. 3, we obtain:

lim log (E[Y1,t,(0)]) —log (E[Y1,¢, (0)]) = _ 1lim log (E[Yo,,(0)]) — log (E[Yo,:, (0)]) <=

S1,0—00 S0,0—>00

lim log (Ri1,t,) — log (R1,ty) lim log (Ro,t,) — log (Ro,t;) <=

S1,0—00 So,0—00

R R,
lim log 2Lt ) i log iz
S1,0—00 Ry ¢y S0,0—00 Ro,¢,

Substituting from Proposition 6 —

Z;it2 (L= 8 ;51 Z;itz (1 —7)"" By ;80,5
lim log = — = lim log = — —
S1,0—00 Zj:tl (1—~) 7" B1,;51,5 So,0—00 Ej:tl (1 —~)?7"* Bo,;S0,;
Taking limits —
Z;itg L=y B Z;’im (1=9"" 8o,
log = = log

Zj:tl A=)y By Z;;l (=) 7" B

O

Proposition 8 (Parallel trends: Log 8¢). Assuming an SIR data-generating process and a log-transformed effective reproduction number
specification (Yd,t = log (5d,t> ,9(1) = 10g(~)), the parallel trends assumption holds for all t1,ta >t — 1 if and only if

log (E [Y1,¢,(0)]) — log (E [Y1,t, (0)]) = log (E [Y0,t, (0)]) — log (E [Yo,¢, (0)]) <=
log (B1,t,) — log (B1,t,) = (log(Bo,t,) — log (Bo,t;)

Proof. Proposition 8 follows from a direct substitution of the outcome Y, ¢ = B4+ into the log-transformed parallel trends assumption as
defined in Eq. 3:

log (E [Y1,£, (0)]) — log (E [Y1,1, (0)]) = log (E [Y0,£, (0)]) — log (E [Yo,1, (0)]) <=
log(B1,t,) — log(B1,t,) = log(Bo,t,) — log(Bo,t, )

O

Proposition 9 (Estimation of B4 +). Assuming an SIR data-generating process (Eq. 1), with Iq 1411 ~ Pois (ﬁd,tsd,t Sl‘i,’t), the mazimum
likelihood estimator of Bq ¢ is:
A 13011
dt = — g, .
Iy S}if’t

Proof. Because we assume:
) St )
I |l ~ P 2t
t+1| t ors <5t tN
the likelihood (L) and log-likelihood () functions can be defined:

(/Btlt %) Ton e BeleSe/N

I !

L (Bt'lt*_;'_l,]—t,st,N) =

* * St St
C(Bel 1741, I, St, N) o< Iy log (mftﬁ) — Bl

oe(Bal1f iy 1SN , . - .
Setting 7 0 to obtain the maximum likelihood estimator:

o € (BelIf g, 16, Se, N)

0B
_ i S5
Bl 3t N N
s
Bt N
. I*
ﬁﬁz:%
St
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Supplement Proposition 1 (Log transformation). Assume that Eq. 3 holds with a log link, such that:
log (K [Y1,1,(0)]) — log (E[Y1,t, (0)]) = log (E [Yo,t, (0)]) — log (E [Yo,t; (0)])
Then,
E[log (Yi.22 (0)) — log (Vi s (0))} B E{log (Yo, (0)) — log (Yo.r (0))} ~ Var(Yi,e,) Var(Mis,)\ [ Var(Yo.r,) Var(You,)
: " . " VL0l BV )\ ZEDon? | 2Bl

Proof. We can approximate E [log(Ydyt)} with a second-order Taylor series expansion (38)
Var(Ya:)
E [log(Ya,e)] ~ log (E [Ya.]) - ——=5
2E [V ]

Substituting this approximation for each term in E [log (Y1,65(0)) — log (Y1,¢, (0))} —E [log (Yo,t5(0)) — log (Yo,¢, (0))} completes the
proof.
O

Corollary 1. If the outcome is log incidence in Supplement Proposition 1, Yq; = Id,t with a log link, then,

1 1 1 1
B log (¥1,1,(0)) ~ 105 (¥1,1,(0)) | ~ B[ 1og (¥0.1,(0)) ~ o (Yo.1, ) | ~ <2E[Iit1} T @1) - (ZE[,&tJ - QEUatz])

Proof. Per Eq. 1, we assume the incidence I, follows a Poisson distribution. As a result, the second-order term becomes

Var (I;’t) B E[I;yt] B 1

oF [127)&]2 R [I;;J]z 2E (I3 ,]

O

Substituting this into the result from Proposition 1 completes the proof.
Supplement Proposition 2 (DiD with time-step aggregation). Assume that the parallel trends assumption (Eq. 3) holds with a log link
for every pair of individual pre- and post-intervention time steps between the average outcome in the treated and comparison groups.

That is, for any pre-intervention time step t1 and post-intervention time-step ta, we assume

tog (B [¥1.02(0)] ) o (E[¥i.0, (0)] ) = 1og (£[¥0,,0)] ) ~ 1og (E[Yo.., 0] )

Then, the aggregated parallel trends assumption (Eq. 5) also holds:
log (E [Yl t(O)‘t € 7§:|> — log (E [Ylyt(O)‘t € 7'1}) = log (E [Yo,t(O)‘t € 7’2}) — log (E [Yo,t(O)‘t S 7—1}) ,

where T1 and Ta denote aggregations of pre- and post-intervention time periods

Proof. By imposing parallel trends (Eq. 3) for any pair of individual pre- and post-intervention time steps, we have for any ¢; and ta,

log (IE Y11, (O)}) log (IE Y14, ( =log (IE [Y0,:, (0 )}) — log (IE [Yo,t, (O)}) =

o E[Yh tz 0 E [Y0,t, (0)]
& E[Y1,4 ( E [Yo,t, (0)]
E Y1, (0)] E [Yo,1, (0)]
)]

]E[Yl ty (0 ]E[YO t1( )]
E[¥1,65 (0)] E[Y0,¢, (0)] = E [Y0,2, (0)] E [Y1,4, (0)] ()]

For the parallel trends condition to hold on the aggregated time periods 71 and 72, we want to show

log <E |:Y1,t 0)‘1& € 7’2}) — log (E |:Y1,t(0)‘t € 71}) = log (IEI {Yo,t(o)‘t IS 75:|) — log (IE {Yoyt(o)‘t € 73})

Note that if aggregation occurs by summing, rather than averaging, both the LHS and RHS are multiplied by the number of time steps,
which does not affect the result. For each side of the above equation, the difference in log expected outcomes can be written as a sum of

time steps:
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log (E [det(o)‘t € 7'2D — log (]E [Yd,t(o)‘t € 7’1})
= log (]E D Yau0)| | —10g [ E| D Yau(0)
tET2 teT1
1 E [ZteTz Yd’t(o)]
=log| —/——————=
E [Zteﬂ Yd’t(o)]
2o, B [Yai(0)]
=log| =/—/—————
ZteTl E [Yd’t(o)]
Therefore, Eq. 5 holds for 77 and 72) if and only if
S EVeO]  Yier, B0, (0)
> rer B0 Sy E Vo (0)
S TENLO] ] [ D ENoO)] | = [ D EDN0)] ) [ Y EDNL0)] )
teT2 teTy teT2 teTy
Distributing the sum —
Y EMLOIENLO]= > > EYon(0)]E N, (0),
to€Ta t1€T1 ta€T2 t1€T1
where the last equality is true because Eq. 3 holds for every pair of pre-intervention t; and post-intervention ts. O

Corollary 2. Assume that the parallel trends assumption (Eq. 3) holds with a log link for every pair of individual pre- and post-
intervention time steps between the average outcome in the treated and comparison groups as in Supplement Proposition 2. Then the
extended parallel trends assumption (Eq 6) holds on the transformed average differences between pre- and post-treatment outcomes across
treated and untreated groups:

tog (B [v1,10)¢ € 73] ) = tog (E [Ya.o(0)]e € 73] ) = 1o (B [0, € 7] ) ~ o (E [0 0]t € 7] ),
where T1 and T2 are set of pre- and post-treatment time periods, respectively.

Proof. The proof follows directly from Supplement Proposition 2, with only the definitions of 71 and 72 changed. O


https://doi.org/10.1101/2024.04.08.24305335
http://creativecommons.org/licenses/by-nc-nd/4.0/

medRxiv preprint doi: https://doi.org/10.1101/2024.04.08.24305335; this version posted April 10, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity.
It is made available under a CC-BY-NC-ND 4.0 International license .

DRAFT
C. Figures
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Fig. A1. COVID-19 cases per 1000 students and staff in 72 school districts in Massachusetts
Each line plots the case trajectory in one school district. The dashed vertical line represents the time at which the state-level
mask mandate was lifted.

Incidence model: replication of the original analysis
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Fig. A2. Event study plot from replicating the original analysis Cowger et al. (5)
The estimated treatment effects with associated 95% confidence intervals obtained from fitting the incidence specification,
which is the model specification in the original analysis, are plotted against the time to treatment.
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Fig. A3. COVID-19 cases per 100,00 population in Kansas
Each line plots the case trajectory in one county in Kansas. The dashed vertical line represents the time at which the executive
order took effect.
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D. Tables
Table A1. Simulation parameters
Parameter Description Values
N Total number of units 50
Ny Number of treated units 25
pop Population size for each unit One of {5,000, 10,000}
T Total number of weeks 17
Tournin Number of weeks in the burn-in period 5
To Number of weeks in the pre-intervention period | 4
Iy Number of initial infections at time 0 100
% Generation interval 10 days
Jé] Effective contact rate (constant over time) One of {0.100, 0.115}
: ot s et s bt | e 1., 1.1
1) Effect size One of {0.70,0.80,0.90, 0.95, 1.00,1.05,1.10, 1.20, 1.30}
o Statistical significance level 0.05

Table A2. Results from re-analyzing the effect of removing school mask mandates on COVID-19 cases in Massachusetts using Callaway and
Sant’Anna estimator

Outcome specification

Treatment effect’

Average marginal effect?

Incidence 47.4
Log incidence 2.0
Log growth -2.2

47.4
10.0
-179.5

! Treatment effect refers to the point estimate in coefficients obtained from OLS (incidence model) or Poisson regression (log incidence and log

growth models)

2 Average treatment effects are imputed as described in Section Average marginal effects and Appendix E.
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E. Algorithms

Algorithm 1 (Estimation of average marginal effects for log incidence and log growth specifications) Given the observed outcomes in the
treated units, Y7, ..., Y, , and the estimated ATT, 81, we impute the AME as follows:
1. Calculate the fitted untreated potential outcome for the treated group in the scale of the model specification for each treated unit ¢
and post-intervention period ¢t > Ty using the observed empirical outcome trajectory and the estimated ATT: 1/’:1(0) =Yg — b

2. Recover the fitted untreated potential outcome for the treated unit 7 in the case scale, I} t(O), from f’dyt(O) according to the definition

of model specifications per Table 1. For log growth, we take the last period prior to intervention as baseline, and construct the
untreated potential outcomes by dividing the baseline outcome by the fitted treatment effect coefficient. We repeat division for each
post-intervention period to recover the untreated trajectories for the treated units.

3. Calculate the difference between the observed treated outcome and the fitted control potential outcome trajectories to obtain the

marginal effect (ME) for each unit ¢ over the entire post-intervention time periods: ME; = Zteﬂ (I; 1 t(O))

4. The AME is the average of the calculated differences over all treated units: AME = Nil ZieNl (ME;)

Algorithm 2 (Estimation of average marginal effects for log R; or log 3; models) For COVID-19, we assume on average 5 days of
infectiousness and 3 days of mean exposure period (36). We use input data on the initial susceptible fraction and infections, as well as
empirically estimated effective contact rates over the period of interest B¢, t € [t1,t2]. We then use estimated time-varying ATTs for the
effective contact rate, St to impute the AME as follows:

1. Calculate the fitted treated potential outcomes as an average from 1000 infection trajectories simulated from an SEIR model with
effective contact rates set to (Bt + St) , corresponding to an effective reproduction number R = 5 (Bt + St)

2. Calculate the fitted untreated potential outcomes for the treated group as an average from 1000 infection trajectories simulated from
an SEIR model with effective contact rate set to Bp, corresponding to an effective reproduction number R; = 500.

3. The AME for a log Rt or a log ¢ model is then given by the average difference in projected infections over the post-intervention

period between fitted trajectories: M E; = Zteﬁ (I; i I/;‘\t(O))7 AME = NLI Zie/\fl (MEy).

F. SEIR framework

We summarize the SEIR framework using the following equations:

. Sa,t
Susceptible: Sd,t+1 = Sd,t — (ﬂd,tld,tT + €d,t+1)

St

+
N €d,t+1)

Exposed: Eg:y1=(1—-v)Eq: + (/Bd,tld,t

Infectious: Ig.11 = (1 —7)Ig: +9YEq;
Recovered: Rg¢y1 = Rq:+vla:

Compared with an SIR model specified in Eq. 1, the only additional parameter introduced here is v, which in our analysis is assumed to
be a constant rate of infectious given exposure.

G. Inference

We conduct inference using the wild score bootstrap, which allows for valid inference with heteroskedastic data and a small number
of clusters when a generalized linear model is used for estimation. This is a generalization of the wild cluster bootstrap, proposed by
Cameron et al. (23). The more widely-used wild cluster bootstrap perturbs the residual distribution for each bootstrap replicate based
on a cluster-level random variable with mean 0 and variance 1, usually drawn from a Rademacher distribution (23, 24). Although this
technique performs well with a small number of clusters, it requires a symmetric distribution in the residuals with mean 0, which is not
satisfied by a Poisson generalized linear model (GLM). More broadly, this idea of perturbing distributions in bootstrap samples can be
applied to the score contributions in the context of GLMs (23). Given any maximum likelihood estimation process, the score contribution
for cluster ¢ can be computed as the sum of score vectors in all observations from cluster ¢, where a score vector is the first derivative of
the log-likelihood function. In each bootstrap replicate, we re-weight the score distribution based on an auxiliary cluster-level random
variable with mean 0 and variance 1, and calculate a Wald statistic is calculated using the weighted scores. The p-value is the proportion
of bootstrap replicates for which the bootstrapped Wald statistics exceed the observed Wald statistic under the null.
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